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GENERAL SERRE WEIGHT CONJECTURES 


TOBY GEE, FLORIAN HERZIG, AND DAVID SAVITT 


Abstract. We formulate a number of related generalisations of the weight 
part of Serre’s conjecture to the case of GLn over an arbitrary number field, 
motivated by the formalism of the Breuil—Mezard conjecture. We give evidence 
for these conjectures, and discuss their relationship to previous work. We gen¬ 
eralise one of these conjectures to the case of connected reductive groups which 
are unramified over Qp, and we also generalise the second author’s previous 
conjecture for GLn/Q to this setting, and show that the two conjectures are 
generically in agreement. 
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1. Introduction 

The goal of this paper is to formulate a number of related generalisations of 
the weight part of Serre’s conjecture to the case of GL„ over an arbitrary number 
field. Since this is a problem with a long and involved history and since we work 
in significant generality in this paper, we begin with an extended introduction, in 
which we try to summarize this history (Sections 11.11 to 11.511 and give a detailed 
overview of the approach that we have taken ISections 11.61 and 11.71) . 
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1.1. Serre’s conjecture for GL 2 over Q. Let p be a prime. Serre’s conjecture, as 
originally formulated in 1973 (see [SD73I p. 9] and [Ser751 §3]), predicted that every 
odd irreducible continuous representation r : Gq —>■ GL 2 (Fp) which is unramified 
outside p has a twist by a power of the mod p cyclotomic character which arises from 
a cuspidal modular Hecke eigenform of level 1 and weight at most p+1. The theory 
of the 6*-operator then implies that r itself is modular of weight at most p^ — 1. This 
was a bold conjecture, for at the time there was little evidence outside of the cases 
p = 2,3. In those cases, since there are no cusp forms of level 1 and weight less 
than 12 the conjecture simply predicts that there are no such representations. This 
can be established via discriminant bounds, as in |Tat94) and |Ser86[ p. 710]. 

Serre later formulated ( |Ser87] l a version of the conjecture with no restriction on 
the ramification of f, which included a precise recipe for both the weight and the 
level of a modular eigenform giving rise to f. In this way the conjecture became 
computationally verifiable, and was tested in a number of cases in which f has small 
image. 

At least as far back as |Ser75) . it had been known that in the theory of mod p 
modular forms, one can trade off the weight and level (and Nebentypus) at p. For 
this reason Serre restricted his attention to modular forms of level prime to p. He 
conjectured that the minimal possible level of the candidate eigenform giving rise 
to r could be taken to be the prime-to-p Artin conductor of f, while his conjectural 
recipe for the minimal possible weight of the eigenform (in prime-to-p-level) was 
more intricate, and depended on the ramification behaviour of f at p. 

The part of Serre’s conjecture which predicts that every odd irreducible con¬ 
tinuous representation f : Gq —>■ GL 2 (Fp) arises from some modular eigenform is 
often referred to as “the weak form of Serre’s conjecture”, while the form of the 
conjecture that includes the precise recipes for the minimal weight and level is 
called “the strong form of Serre’s conjecture”. Much of the early work concerning 
Serre’s conjecture was focussed on proving that the weak form implies the strong 
form, and it is natural to expect that work on generalisations of Serre’s conjec¬ 
ture will follow the same pattern. (Indeed, the eventual proof of Serre’s conjecture 
[KW09al IKW09bl IKis09b) relied on the work that had been done to prove the 
equivalence of the weak and strong forms.) 

Serre’s conjectural recipe for the minimal weight of an eigenform of prime-to-p 
level giving rise to r was more subtle than the recipe for the level, but essentially 
amounted to providing the minimal weight k that was consistent with the known 
properties of the restriction to a decomposition group at p of the Galois repre¬ 
sentations associated to eigenforms. To make this precise one nowadays uses the 
language of p-adic Hodge theory. Given a modular eigenform / of weight k > 2 and 
prime-to-p level, the associated p-adic Galois representation rf : Gq — >■ GL 2 (Qp) 
has the property that the restriction rf\cQ^ to a decomposition group at p is crys¬ 
talline with Hodge-Tate weights k—1 and 0. Therefore any results on the reduction 
mod p of crystalline representations of Gq^ with Hodge-Tate weights k — 1 and 0, 
such as the early results of Deligne and Fontaine-Serre when k < p, give information 
(purely in terms of about the possible weights k of the modular eigenforms 

giving rise to r. 
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To give a concrete example, let e denote the cyclotomic character, and e its 
reduction mod p. Suppose that 



where is the inertia group at p, and 2 < k < p + 1. Then the minimal weight 
predicted by Serre’s recipe is k. Indeed, it is known that any crystalline represen¬ 
tation p : Gqp —>■ GL 2 (Qp) with Hodge-Tate weights k — 1 and 0 (with k in the 
given range) and whose reduction mod p is reducible must be an extension of an 
unramified character by an unramified twist of and therefore the shape of 

must be as on the right-hand side of (II.1.11) . 

We make one further remark about the above example. Suppose that the ex¬ 
tension class * vanishes, and assume for simplicity that k < p — 1. Serre observed 
that 

(1-1-2) = (^0 l) 

and therefore has minimal weight p + 1 — k. Thus, although Serre’s conjecture 
predicts that any f has a twist which is modular with weight at most p -|- 1, in 
this split case there are actually two such twists. This is the so-called “companion 
forms” phenomenon. 

1.2. Serre weights. We now explain a representation-theoretic reformulation of 
the weight k in Serre’s conjecture. This optic first appears in the work of Ash- 
Stevens |AS86) . and both simplifies the original weight recipe for GL 2 over Q and 
has proved crucial for formulating the weight part of Serre’s conjecture for other 
groups and over other fields. 

The Eichler-Shimura isomorphism allows one to reinterpret Serre’s conjecture 
in terms of the cohomology of arithmetic groups. If V is an Fp-representation of 
GL 2 (Fp) and N is prime to p, then we have a natural action of the Hecke algebra of 
ri(fV) on H^{Ti{N), V), and so it makes sense to speak of a continuous representa¬ 
tion f : Gq —>■ GL 2 (Fp) being associated to an eigenclass in that cohomology group. 
If f is odd and irreducible, then the Eichler-Shimura isomorphism implies that f 
is modular of weight k and prime-to-p level N if and only if f is associated to an 
eigenclass in i?^(ri(A^), Sym^“^ Fp), where Sym^“^Fp is the {k — 2)th symmetric 
power of the standard representation of GL 2 (Fp) on Fp. By devissage one deduces 
that f is modular of weight k and prime-to-p level N if and only if r is associated 
to an eigenclass in H^(Ti{N),V) for some Jordan-Holder factor V of Sym^“^Fp. 
(Recall that the representation Sym^“^ Fp is reducible as soon as fc > p -|- 1.) 

It is then natural to associate to f the set W{f) of irreducible Fp-representations 
V of GL 2 (Fp) such that f is associated to an eigenclass in H^{Ti{N),V) for some 
prime-to-p level N. Thanks to the argument in the previous paragraph, the (finite) 
set W (f) determines all weights in which f occurs in prime-to-p level, and not just 
the minimal such weight. Eor this reason such representations of GL 2 (Fp) are now 
often referred to as Serre weights, or even simply weights. 

To illustrate, suppose once again that f is as in (II.l.ip . with 2 < k < p — 1. If 
the extension class * is non-split, then we have W{f) = {Sym^“^ F^}. However, in 
the companion forms case where the extension class * is split, we have 

W{f) = {Sym'^-^ F^, det'^"^ (g) Sym^-^-'' F^} 
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instead. Here the second weight comes from observing via (jl.1.211 that the weight 
Sym^“^“^Fp should lie in W{f and then undoing the twist. 

Serre in fact asked [Ser871 §3.4] whether a “mod-p Langlands philosophy” exists 
which would give a more natural definition of the weight, and which would allow 
for generalisations of the conjecture to other groups and number fields. This is now 
known to be true for GL 2 over Q f |Coll01 lEmelOj l and the set W{f) intervenes 
naturally from this point of view (see for example |BrelO) l. There is considerable 
evidence that such a philosophy remains true in more general settings, although 
it is far from completely developed at this point. Indeed the results to date on 
generalisations of the weight part of Serre’s conjecture have been a major guid¬ 
ing influence on the development of the mod p Langlands program, rather than a 
consequence of it. 

1.3. Early generalisations. Formulations of very general versions of the weak 
conjecture have been known to the experts for many years; the main issue is to define 
the correct generalisation of “odd”, for which see for example [GroOTj and |BV131 
§ 6 ]. (If one wishes to consider automorphic forms or cohomology classes for groups 
which are not quasi-split, it is also necessary to impose conditions on the ramifica¬ 
tion of f at places at which the underlying group is ramified; see |GK141 Def. 4.5.3] 
for the case of quaternion algebras.) Moreover it is reasonably straightforward to 
generalise the definition of the (prime-to-p) level in terms of the prime-to-p ramifi¬ 
cation of f. For example, for generalisations to GL„ over arbitrary number fields, 
one again expects to take the level to be the prime-to-p Artin conductor of r; see 
e.g. [ADP021 §2.2] for the case that the number field is Q. 

However, formulating the weight part of the conjecture in any generality has 
proved difficult. We stress at the outset that, in keeping with the mod p Langlands 
philosophy, the set of Serre weights associated to f should depend only on the 
restrictions of r to decomposition groups at places dividing p. For this reason all 
of the weight predictions that we discuss in this paper are formulated in terms of 
local Galois representations. 

For Hilbert modular forms over a totally real field F in which p is unramified, 
a precise conjecture was formulated by Buzzard-Diamond-Jarvis in [BDJlOj . It 
was essential for |BDJI0) to use the “Serre weight” point of view, since weights of 
Hilbert modular forms are [F : Q]-tuples of integers and so there isn’t a natural 
notion of minimal weight of f. In this context a Serre weight is an irreducible Fp- 
representation of O^ip GL 2 {ky), where ky is the residue field of the completion Fy. 
The recipe of [BDJIO] predicts the set of weights W(f) in terms of the Hodge-Tate 
weights of crystalline lifts of f jcp for n j p, in line with the discussion at the end of 
Section [LTI The prediction of |BDJI0) is now known to be correct |GLSI4llGKI4j . 

In another direction, the study of the weight part of Serre’s conjecture for GL„ 
over Q was initiated by Ash and his collaborators |AS001 IADP02) , with a particular 
focus on GL 3 . They gave a combinatorial recipe for a predicted set of weights, in 
the spirit of Serre’s original recipe but using the language of Serre weights. The 
combinatorial recipe takes as input the tame inertia weights of (the base p 
“digits” of the exponents when is written as a successive extension of pow¬ 
ers of fundamental characters), much as in the examples (II. I. II) . (II. 1. 21) and their 
reformulations in Section o 
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In the case where is semisimple, the thesis [Her09] of the second-named 

author gave a representation-theoretic recipe for a predicted set of weights, which 
for generic should be the full set of weights. The prediction is made in terms 

of the reduction mod p of Deligne-Lusztig representations, and involves a mysteri¬ 
ous involution TZ on the set of Serre weights. In particular [HerOQ] predicts some 
weights for GL 3 that are not predicted by [ADP02) . and that were subsequently 
computationally confirmed (in some concrete cases) by Doud and Pollack. (We 
stress that |AS00[ [SDP02) did not claim to predict the full set of weights for f.) 

1.4. The Breuil—Mezard conjecture. We now turn to the Breuil-Mezard con¬ 
jecture, which gives a new way of looking at the weight part of Serre’s conjecture. 

Originally the Breuil-Mezard conjecture arose in the context of attempts to gen¬ 
eralise the Taylor-Wiles method, and was also one of the starting points of the 
p-adic Langlands program. It was clear early on that understanding the geometry 
of deformation spaces of local mod p Galois representations with prescribed p-adic 
Hodge-theoretic conditions was essential for proving automorphy lifting theorems; 
the earliest automorphy lifting theorems required the smoothness of such deforma¬ 
tion spaces. The Breuil-Mezard conjecture gives a measure of the complexity of 
these deformation spaces, in terms of the modular representation theory of GL 2 . 

We state a version of this conjecture for GL„ over Qp, following |EG14) . We 
need the following data and terminology: 

o a continuous representation p : Giq^ —GL„(Fp), 

o a Hodge type A, which in this setting is an n-tuple A = (Ai,...,A„) of 
integers with Ai > • • • > A„, and 

o an inertial type r, i.e. a representation /q^ —>■ GL„(Qp) with open kernel 
and that can be extended to a representation of Gq^ . 

Kisin [Kis08] associates to this data a lifting ring whose characteristic 0 points 
parameterise the lifts of p that are potentially crystalline with type r and Hodge- 
Tate weights 

(1.4.1) Ai -l- n — 1,..., Xn-i + 1, A„. 

The Breuil-Mezard conjecture predicts the Hilbert-Samuel multiplicity 
Fp) of as follows. 

The inertial local Langlands correspondence associates to r a finite-dimensional 
smooth Qp-representation tj(T) of GL„(Zp). On the other hand associated to A is 
the irreducible algebraic representation W{X) of GL„(Qp) of highest weight A. 

Conjecture 1.4.2 (The generalised Breuil-Mezard conjecture). There exist non¬ 
negative integers py(p), indexed by Serre weights V, such that for all Hodge types 
X and inertial types r we have 

Gip ^p) = (G)py (p) 

u 

where nx^T-iV) is the multiplicity ofV in the reduction modulo p ofW{X)'^Q o'(t) 
(as a GLn(Zp)-representation). 

This conjecture was first formulated by Breuil-Mezard [BM02) for GL 2 with 
certain restrictions on A and r. Based on some explicit calculations, Breuil and 
Mezard furthermore gave predictions for the multiplicities pv(p), and observed a 
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close connection between these multiplicities and the weight part of Serre’s original 
modularity conjecture: namely, that one appeared to have Mv(t|gqp) > 0 if and 
only if V was a predicted Serre weight for f. 

More recently, the first-named author and Kisin [GK14) suggested that one could 
turn this around and use the Breuil-Mezard conjecture to define the set of Serre 
weights bfBM(p) = {y ■ fJ-v{p) > associated to a local Galois representation p. 
One would then conjecture that W{f) = Wbm(t|G( 3 p)- 

Note that this prediction for the set of Serre weights associated to f, while very 
general, is contingent on the truth of the Breuil-Mezard conjecture. In fact, what 
[GK14] actually do is prove the Breuil-Mezard conjecture for GL 2 and A = 0 (for 
arbitrary K/Qp), which allows them unconditionally to define a set of weights 
Wbt(p)- Here BT stands for Barsotti-Tate. This description of the set of weights 
turns out to be extremely useful, and was an important part of the resolution 
in [GK14) and |GLS15j of the conjectures of |BDJ10) and their generalisations to 
arbitrary totally real fields. 

The key technique used by [GK14) is the method of Taylor-Wiles-Kisin patching. 
One first constructs a globalisation r of p. Write = Spf ..., cc/j]], with 

Rp the universal lifting ring of p and h > 0 a certain integer. Similarly write 
= Spf ..., Xft,]], which if non-empty is of dimension d -|- 1 for some 

d independent of r. In the context of |GK14j a patching functor is a non-zero 
covariant exact functor Mao from the category of finitely generated Zp-modules 
with a continuous action of GL 2 {Ok): to the category of coherent sheaves on X^o: 
with the properties that: 

o for all inertial types r the sheaf Moo(cr(r)) is p-torsion free and has sup¬ 
port Xla, 

o the locally free sheaf Moo(o’(t))[ 1 /p] has rank one over the generic fibre 
of Xfa, and 

o for all Serre weights V, the support of the sheaf MaoiV) either has dimen¬ 
sion d or is empty. 

This is an abstraction of the output of the Taylor-Wiles-Kisin patching method 
applied to spaces of automorphic forms. The existence of a patching functor can be 
shown to imply that that the Breuil-Mezard conjecture holds (in the cases under 
consideration in [GKI4) 1. and moreover that Wbt(p) is precisely the set of weights 
V for which MooiV) 7 ^ 0. On the other hand, [GKI4) construct such a functor, 
and the construction implies that MaoiV) 7 ^ 0 if and only if f is automorphic of 
weight V. Putting these together, |GKI4) conclude that the set Wbt(p) is indeed 
the correct weight set for f. 

1.5. Shadow weights and the crystalline lifts conjecture. One of the features 
of the weight part of Serre’s conjecture for GL„ (n > 3) that distinguishes it from 
the GL 2 case is that there exist Serre weights that do not lift to characteristic 0. For 
example, for GL 3 over Q roughly half the Serre weights are so-called “upper alcove 
weights”. These have the property that if W is the irreducible representation in 
characteristic 0 with the same highest weight as an upper alcove weight t/, then the 
reduction mod p of W is not irreducible but rather has two Jordan-Holder factors, 
one of which is U and another which we denote by L (for “lower alcove”). 

It was observed in the conjecture of |Her09] (in the semisimple case) as well as 
in the computations of [ADP02) (including some non-semisimple examples) that 
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whenever L was a predicted Serre weight for some f, so also was U. For this reason 
one began to refer to the weight C/ as a shadow of the weight L. The conjecture 
that U occurs in the set of Serre weights of r whenever L does (as well as its natural 
generalisation to the GL„ setting) became known as the shadow weight conjecture. 

In the optic of the Breuil-Mezard conjecture, the shadow weight conjecture says 
that if /rL(p) > 0 for some local Galois representation p and if 1/ is a shadow of L, 
then also > 0- The Breuil-Mezard conjecture itself implies that if p has Serre 

weight U then p has a crystalline lift with Hodge-Tate weights corresponding to 
the highest weight of G, or equivalently to the highest weight of IF; and conversely 
that if p has such a crystalline lift, then p has at least one Serre weight that occurs 
in the reduction of IF. In combination with the shadow weight conjecture, this is 
elevated to an if-and-only-if: that p has Serre weight U if and only if a crystalline 
lift of p with Hodge-Tate weights as above exists. 

This attractive picture (as well as its generalisation to GL„ over more general 
number fields) was known as the crystalline lifts version of the weight part of Serre’s 
conjecture, and was widely believed for a number of years. For the sake of historical 
accuracy, we should remark that the crystalline lifts version of the weight part of 
Serre’s conjecture emerged [Geelll §4] before the Breuil-Mezard optic, motivated 
by its evident parallels with the GL 2 case (both Serre’s original conjecture and the 
conjecture of |BDJ10) 1 and its compatibility with the conjectures of [HerOQj . 

The crystalline lifts version of the weight part of Serre’s conjecture was con¬ 
tained in drafts of the present paper as recently as 2014. We had a narrow escape, 
then, when (prior to the completion of this paper) Le, Le Hung, Levin, and Morra 
[LLHLMTS] produced counterexamples to the shadow weight conjecture for GL 3 
over Q (in the non-semisimple case), thus also disproving the crystalline lifts ver¬ 
sion of the weight part of Serre’s conjecture for GL 3 . 

The geometric explanation seems to be as follows. The papers [EG151 lEGj 
construct a finite type equidimensional Artin stack X over Fp whose Fp-points 
naturally correspond to the isomorphism classes of representations p : —>■ 

GL 3 (Fp). The stack X should have among its irreducible components X{U) and 
X{L), whose Fp-points are precisely the representations p for which U and L respec¬ 
tively are Serre weights, and these components appear to intersect in codimension 
one. Since |ADP02j make computations for representations f which by construction 
have small image, it is not surprising in hindsight that those representations might 
lie in special loci of X. 

1.6. This paper. In this paper, we explain a general formulation of the weight part 
of Serre’s conjecture (Gonjecture 13.2.71) in terms of the Breuil-Mezard conjecture, 
based on the philosophy outlined in Section lLTl Moreover, there are compelling rea¬ 
sons (coming from the Eontaine-Mazur conjecture and the Taylor-Wiles method) 
to believe that this recipe gives the correct weights in full generality. In particular, 
in Proi30sition l4.2.1] we prove that the existence of a suitable patching functor would 
on the one hand imply the Breuil-Mezard conjecture, and would on the other hand 
imply that the set IFbm (p) is the set of Serre weights of globalisations of p. 

Although we believe this description of the weights is the “correct” one, and 
it seems likely that any proof of the weight part of Serre’s conjecture in general 
situations will need to make use of this formulation, it is of interest to have more 
explicit descriptions of the set of weights. For a variety of reasons (which we discuss 
in the body of the paper), it seems unlikely that there will be completely explicit 
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descriptions in any generality, but it does seem reasonable to hope for something 
more concrete in the case that p is semisimple and suitably generic. 

Indeed, it remains plausible that the crystalline lifts version of the weight part 
of Serre’s conjecture, despite being false in general, is nevertheless true in the case 
where f is semisimple locally at places above p. For instance, there is considerable 
evidence in the 3-dimensional case over Q: when is suitably generic many cases 
of the conjecture are proved in |EGH13] and [LLHLMTS] . and for some non-generic 
there is computational evidence due to |ADP02] . 

In Coniecture l5.1.7l we formulate the crystalline lifts version of the weight part of 
Serre’s conjecture for Galois representations that are semisimple locally at primes 
above p. We remark that when the extension K/Qp is ramified, the definition of 
the weight set in terms of crystalline lifts involves a choice of lifting K ^ Qp for 
each embedding A: ^ Fp of the residue field k of K. (The former embeddings index 
Hodge-Tate weights, the latter are used to parameterise Serre weights.) This leads 
us to define two weight sets, W^j.;g(p) and Wpj.;g(p). The former is the set of weights 
obtained by taking the union over all such choices of liftings, and the latter is the 
set of weights obtained by taking the intersection. We conjecture that these two 
sets are in fact equal. 

We next explore the possibility of making this conjecture explicit. Our basic 
idea is that in the case when p is semisimple, we can explicitly construct many 
crystalline lifts of p by lifting each irreducible factor of p separately (and this 
comes down to constructing crystalline lifts of characters, since each irreducible 
mod p representation of Gk is induced from a character of an unramified extension 
of K). We call a crystalline lift obtained in this way an obvious crystalline lift, 
and correspondingly we obtain a set of weights Wobv(p)- (In fact this is not quite 
accurate: the set Wobv(p) also takes into account our expectation that the set of 
Serre weights of p should depend only on p|/j^; see Definition 17.1.31 1 To illustrate, 
the representation 



of Gqp with Xi unramified has a crystalline lift p of the form 



where each Xi is unramified and lifts y, (i = 1, 2). The representation p has Hodge- 
Tate weights k — 1 and 0; taking into account the shift by (1,0) as in (11.4.11) . we 
predict that the Serre weight Sym^“^ F^, which is described by the highest weight 
{k — 2,0), is contained in Wobv(p)- Similarly, p has a crystalline lift with Hodge- 
Tate weights p — 1, k — 1 obtained by lifting X 2 instead to e^~^X 2 , leading to the 
inclusion det^“^ 0 Sym^“^“^ F^ G Wobv(p), in accordance with Section o 

As will be discussed in Remark 15.1.111 under the assumption of the gener¬ 
alised Breuil-Mezard conjecture, the shadow weight conjecture and the crystalline 
lifts conjecture are equivalent. Therefore, our explicit weight set for p needs to 
be closed under the consequences of the shadow weight conjecture. We denote 
the smallest set of Serre weights that satisfies this requirement and that contains 
Wobv(p) by C(Wobv(p)) (see Section [721) ■ We call the weights that lie in the com¬ 
plement C(Wobv(p)) \ Wobv(p) shadow weights. The simplest example occurs for 
GL 3 over Qp, as explained in Section [T31 
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For a period of time, we hoped that the set C(Wobv(p)) might explain the full 
set of weights of p arising from crystalline lifts; unfortunately, this cannot always 
be the case. Again this phenomenon first occurs for GL 3 over Qp. In some cases 
we can inductively construct further crystalline lifts of p coming from Levi sub¬ 
groups. The idea is that we write p = ©ift and take the direct sum of certain 
crystalline lifts pi of Pj whose existence would be implied by the generalised Breuil- 
Mezard conjecture in combination with the explicitly constructed weight set for pj. 
The weight set resulting from these (hypothetical) crystalline lifts is denoted by 
Wexpi(p)- It contains in fact all shadow weights. We call the weights in the com¬ 
plement Wexpi(p) \C(Wobv(p)) obscure weights. See Example 17. 2. 51 for examples of 
such weights in the case of GL 3 over Qp. In Section lTj^ we ask furthermore whether 
the weight set of p should be closed under certain “weight shifts”, and we give a 
limited amount of evidence for a positive answer. 

In general we do not know how close our explicit weight set Wexpi(p) is to the 
actual set of weights of p. In Section | 8 ] we compare this predicted weight set to all 
existing conjectures and computational evidence that we are aware of. Then, in the 
hnal part of our paper, we give strong evidence that in case Lf/Qp is unramified 
and p is sufficiently generic (a genericity condition on the tame inertia weights of 
pI/jj^) we are not missing any weights. It turns out that it is most natural to work 
in the setting of unramified groups G over Qp, considering GL„ over K as the 
restriction of scalars Resx/QpGL„ to Qp. (For our precise conditions on G, see 
Hypothesis 19.1.Il l We extend both our explicit weight set Wexpi(p) as well as the 
weight set IF-(p) of |Her09| to this general setting and then prove the following 
theorem. 


Theorem 1.6.1 iTheorem 1 10.2.121) . If 
Wexpl(p) =C(Wobv(p)). 


is sufficiently generic, then {p) = 


In particular, there are no obscure weights in this generic setting. The proof is 
not immediate but requires some subtle modular representation theory. We thus see 
this result as an encouraging sign that Wexpi(p) is correct in the generic unramified 
case. 

This paper has two appendices. Appendix lAl contains the proof of a theorem of 
J. G. Ye and J. P. Wang on alcove geometry that is needed in Section (TUI as far 
as we know the only published proofs are in Ghinese. In Appendix [B] we prove by 
combinatorial arguments that the explicit set of Serre weights defined in Section 0 
is always non-empty. 

The only part of the paper that we have not yet mentioned is Section [21 in 
which we describe a global framework for formulations of generalisations of Serre’s 
conjecture, in terms of the cohomology of arithmetic quotients of adele groups. 
Although it is of course necessary to have chosen such a framework before one can 
begin to speak about Serre’s conjecture (e.g. in order to define what one means 
when one says that r to be modular of a given weight!), this discussion is in some 
sense secondary to the rest of the paper, which is entirely local except for parts of 
Section m on patching. 


1.7. Index to the weight sets defined in this paper. 

Associated to a global Galois representation r : Gf —>■ GL„(Fp): 
o W(f), the Serre weights of f: Definition 12.1.31 
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o Wv{f), the local Serre weights of f at a place v \ p: Conjecture 12.1.51 

Associated to a local Galois representation p : Gk GL„(Fp): 

o Wbm(p), the Breuil-Mezard predicted weights for p: Definition 13.2.61 
o Ws(p), the 5-Breuil-Mezard predicted weights for p: Definition 13.3.71 
o Wfj.;g(p) and W^j.;g(p), the crystalline weights for p: Definition 15.1.51 

Associated to p : Gk —>■ GL„(Fp) such that 'p\ik is semisimple: 
o Wobv(p), the obvious weights for p: Definition 17.1.31 
o C(Wobv(p)), the obvious and shadow weights for p: Definition 1 7.2. II 
o Wexpi(p), the explicit predicted weights for p: Definition 17.2.31 
o W' (p) (n = 3), the weights predicted by |Her09] : ProDOsition l8.2.8l 

See Section ITA] for a summary of our conjectures about these weight sets. 

Associated to a tame inertial L-parameter t : /q^ —>■ G'(F), for a group G as in 
Hypothesis 19.1.11 (generalising the corresponding definitions for p such that p|/^ is 
semisimple): 

o Wobv (t) , the obvious weights for t: Definition 19.3.61 
o C(Wobv(T)), the obvious and shadow weights for r: Definition 19.3.91 
o Wexpi(T), the explicit predicted weights for r: Definition 19.3.101 
o W' (r), the weights for r predicted in the manner of |Her09] : Definition l9.2.4l 

The latter three of these sets coincide for sufficiently generic r lTheorem llO.2.12'1) . 

1.8. Acknowledgments. The point of view that we adopt in this paper owes a 
considerable debt to the ideas of Matthew Emerton; he has declined to be listed 
as a coauthor, but we hope that his influence on the paper is clear. We would 
like to thank Kevin Buzzard, Fred Diamond, Brandon Levin and Le Hung Viet 
Bao for many helpful conversations. F.H. would like to thank Ida Bulat for her 
assistance with typing, as well as the MSRI for the excellent working conditions it 
provided. We are very grateful to Mehmet Haluk §engun for repeating the calcu¬ 
lations of |Torl2) for us, and to Darrin Doud for extending some of his calculations 
for us. We thank Chuangxun (Allen) Cheng for his translation of parts of |Wan87) . 

1.9. Notation and conventions. We fix a prime p. If K is any field, we let K be 
an algebraic closure of AT, and let Gk = Gd\{K/K)\ nothing we do will depend on 
the choice of A, and in particular we will sometimes consider Gl to be a subgroup 
of Gk when A C A. In Section[9]we will instead denote Gal(A/A) by Tk to avoid 
a conflict of notation. All Galois representations are assumed to be continuous with 
respect to the profinite topology on the Galois group and the natural topology on 
the coefficients (which will usually be either the p-adic topology or the discrete 
topology). 

If A is a finite extension of Qp, we write Ok and k respectively for the ring of 
integers and residue field of A, Ik for the inertia subgroup of Gk, and Frob/f for 
a geometric Frobenius element of Gk- If F is a number field and u is a finite place 
of F then we let Frobt, denote a geometric Frobenius element of Gp^ and we write 
ky for the residue field of the ring of integers of Fy. 

We will use E to denote our coefficient field, a finite extension of Qp contained 
in Qp. We write O = Op ior the ring of integers of E and F for its residue field. 
When we are working with representations of the absolute Galois group of a finite 
extension A/Qp, we will often assume that E is sufficiently large, by which we mean 
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that the images of all embeddings K ^ Qp are contained in E. We also let Zp 
denote the ring of integers of Qp and Fp its residue field (it is thus our fixed choice 
of algebraic closure of Fp). 

Let K he a finite extension of Qp, and let Art^ : —>■ be the iso¬ 

morphism provided by local class field theory, which we normalise so that uni- 
formisers correspond to geometric Frobenius elements. Let rec denote the local 
Langlands correspondence from isomorphism classes of irreducible smooth repre¬ 
sentations of GL„(iL) over C to isomorphism classes of n-dimensional Frobenius 
semisimple Weil-Deligne representations of Wk as in the introduction to [HTOl) . 
so that when n = 1 we have rec( 7 r) = tt o Art)(-^. We fix an isomorphism ^ : Qp —> C 
and define the local Langlands correspondence reCp over Qp by z o reCp = rec o i. 
This depends only on (and the only ambiguity is a quadratic unramified 

twist, so that in particular reCpj/^ does not depend on any choices). 

Assume for the rest of this section that E is sufficiently large. For the purposes 
of defining the notation below, we also allow A = Qp, O = Zp, F = Fp in what 
follows in this section. Define S'/c = {cr:fc^F} and Sk = {k : K ^ E}. If 
K € Sk, we let k be the induced element of Sk- Let e denote the p-adic cyclotomic 
character, and e the mod p cyclotomic character. For each a G Sk 'Vfe define the 
fundamental character uia corresponding to a to be the composite 

Ik -^^Fx, 

where the first map is induced by . In particular (n ^ ^ — e|/K- 

When fc = Fp and cr : fc —>■ F is the unique embedding, we will often write u in 
place of uja- If X is a character of Gk or Ik, we denote its reduction mod p by x- 

If VF is a de Rham representation of Gk over E, then for each k G Sk we will 
write HTk(IF) for the multiset of Hodge-Tate weights of W with respect to k. By 

definition this set contains the integer —i with multiplicity dim£;(IF ,KK{z)f-. 
Thus for example HT„(e) = {!}. The set HTk(IF) is invariant under extensions of 
the coefficient field, and so also makes sense for de Rham representations over Qp 
(and embeddings n : K ^ Qp). 

We say that W has regular Hodge-Tate weights if for each k, the elements of 
HT„(IF) are pairwise distinct. Let Z" denote the set of tuples (Ai,...,A„) of 
integers with Ai > A 2 > • • • > A„. A Hodge type is an element of (Z")'^^. Then 
if W has regular Hodge-Tate weights, there is a Hodge type A such that for each 
K G Sk we have 

HTk(p) = {Ak,i -I- n — 1, Ak,2 -f n — 2,..., X^^n}, 

and we say that W is regular of weight A (or Hodge type A). 

An inertial type is a representation t : Ik ^ GL„(A) with open kernel and 
which extends to the Weil group Wk- Then we say that a de Rham representation 
p : Gk —t GL„(A) has inertial type r and Hodge type A, or more briefly that p has 
type (A, r), if p is regular of weight A, and the restriction to Ik of the Weil-Deligne 
representation WD(p) associated to p is equivalent to r. 

For any A G Z", view A as a dominant weight of the algebraic group GL^/Ok 
the usual way, and let M'^ be the algebraic Ox-representation of GL„ given by 

M'x ■-= Ind5j("(woA)/OK 
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where Bn is the Borel subgroup of upper-triangular matrices of GL„, and wq is the 
longest element of the Weyl group (see [.Tan03] for more details of these notions, 
and note that M'^ has highest weight A). Write M\ for the Oif-representation of 
GL„(C>if) obtained by evaluating M'^ on Ok- For any A S we write L\^o 

for the O-representation of GL„(Oif) defined by 

G)C>k,k O, 

although when O is clear from the context we will suppress it and write simply L\. 

We remark that the sets Sk for varying (sufficiently large) coefficient fields E 
can be naturally identified, and we will freely do so; and similarly for the sets Sk, 
and 

If Vl is a Noetherian local ring with maximal ideal m of dimension d, and M is a 
finite A-module, then there is polynomial P^{X) of degree at most d (the Hilbert- 
Samuel polynomial of M), uniquely determined by the requirement that for n ^ 0, 
the value is equal to the length of as an A-module. Then the 

Hilbert-Samuel multiplicity e{M,A) is defined to be d\ times the coefficient of X'^ 
in P^{X), and we write e{A) for e{A,A). 

2. A GLOBAL SETTING 

2.1. GL„ over a number field. In this section we briefly explain a possible global 
setup in which we can formulate the weight part of Serre’s conjecture for GL„ over a 
number field F. It is presumably possible to formulate such conjectures for a general 
connected reductive group over a number field (by a characteristic p analogue of 
the conjectures of [BGlSj b but this would entail developing a great deal of material 
of no relevance to the bulk of this paper. 

The point of this paper is to formulate and study only the weight part of Serre’s 
conjecture, and this is expected to be a purely local question (see Goniecture 12.1.51 
below). Indeed, essentially everything in this paper (other than various comparisons 
to results in the literature, giving evidence for our conjectures) after the present 
section is purely local. On the other hand, to make a general global formulation 
requires a careful discussion of various technical issues (such as: the association of 
mod p Satake parameters to characteristic polynomials of Frobenii; characteristic 
p analogues of the various considerations of |BG15) . such as the C-group; variants 
using the Galois action on the etale cohomology of Shimura varieties, rather than 
the Hecke action on the Betti cohomology; and so on). 

As all of these points are orthogonal to our goals in the remainder of the paper, 
we have restricted ourselves to a brief description of the case of GL„, as this suffices 
for the bulk of the paper, and for much of the computational evidence to date. (The 
remaining computations concern forms of GL 2 .) 

Let Kp denote the adeles of F, and let A“ denote the finite adeles of F. Let 
U = U^Up be a compact open subgroup of GL„(A“), where is a compact open 
subgroup of GL„(A“’^), assumed to be sufficiently small, and Up = GL„(C>f ®z 
Z p). Let = R>q, embedded diagonally in Iltiioo write = 

n«|oo C n«|oo GL„(Ft,), where U° = SO„(R) if v is real and U° = U„(R) if v is 
complex. Set 

YiU) := GLniF)\GLniAF)/UA°^U°^. 

Let W be an irreducible smooth Fp-representation of Up; the action of Up on W 
necessarily factors through OdIp write W = Gv\pWv, where Wy 
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is an irreducible Fp-representation of GL„(fct,). We can define a local system W of 
Fp-vector spaces on Y(U) via 

(2.1.1) W := ((GL„(F)\GL„(A;^)/t7^'A^t/:,) x W)/t7p. 

Since we are assuming that is sufficiently small, we are free to assume that it 
is a product = Il-ufp Uv. There is a finite set Eq of finite places of F (dependent 
on U) which contains p, and which has the property that if ^ Eq is a finite 
place of F, then = GLn^Op^)- For each v ^ Yq, the spherical Hecke algebra 
:= 'H(GL„((!1 f„)\GL„(Fu)/GL„(Of„), Zp) (cf. [Gro98b]) with coefficients in Zp 
acts naturally on each cohomology group F[^{Y{U),yV). Indeed, let E D EoU{?;|oo} 
be a finite set of places of F, write U'^ = and let Ts := be the 

restricted tensor product of the spherical Hecke algebras away from E, then Te is 
by definition just the usual adelic Hecke algebra 'H(17^\GL„(A^)/[/^, Zp), which 
acts naturally on each cohomology group H^{Y{U),yV). 

Let r : Gf ^ GLn,(Fp) be an irreducible representation. For any {7, E as above 
for which E contains all the finite places at which f is ramified, we may define 
a maximal ideal m = rn(f, U, E) of Te with residue field Fp by demanding that 
for all places n ^ E, the semisimple part of f(Frob“^) is conjugate to the class 
defined by the "H^-eigenvalues determined by m under the (suitably twisted) Satake 
isomorphism (cf. [Gro991 §17]). (Of course, since we are working with GL„, this 
just amounts to specifying the characteristic polynomial of r(Frob^), as in [GHT081 
Prop. 3.4.4(2)], but the formulation we have used here generalises more easily to 
more general groups.) 

Definition 2.1.2. We say that r is automorphic if there is some W, U, E as above 
such that iJ®(y {U),yV)m ^ 0 for some i > 0. 

Definition 2.1.3. Suppose that f is automorphic. Let W(f) denote the set of 
isomorphism classes of irreducible representations W of O^ip CIL„(A;«) for which 
F[^{Y{U),yV)m ^ 0 for some f > 0. We refer to W(r) as the set of Serre weights 
of f. 

Remark 2.1.4. Let t/p(l) be the kernel of the homomorphism Up —>■ O^ip GL„(fct,). 
A natural variant of the definition of the Serre weights of f would be to ask that 
Hom( 7 p(lF^, i7®(F(t/p(l)), Fp)m) yf 0 for some i > 0. We do not know how to show 
unconditionally that the two definitions always give the same set of weights, but 
this would follow from conjectures in the literature, as we now explain. 

Let ri be the number of real places of F, and let r 2 be the number of complex- 
conjugate pairs of complex places. Set qo = ri[n^/4j -|- r 2 n{n — l)/2; this is the 
minimal degree of cohomology to which tempered cohomological automorphic rep¬ 
resentations of GL„(Af) will contribute. According to the conjectures of [CE12) . 
as expanded upon in [Emel41 §3.1.1], it is expected that if some i7*(y(f7), Fp)m is 
non-zero (where now Up can be arbitrarily small), then in fact H‘^° {Y(U),¥p)m ^ 
0 , while F['‘(Y(U),¥p)m = 0 for i < qq; there is a similar expectation for the 
H^(Y(U), W)m- If this conjecture holds, then it follows easily from the Hochschild- 
Serre spectral sequence that this variant definition gives the same set of Serre 
weights as Definition l2.1.31 

We now have the following general formulation of a weak version of the weight 
part of Serre’s conjecture. 














14 


TOBY GEE, FLORIAN HERZIG, AND DAVID SAVITT 


Conjecture 2.1.5. Suppose that r is automorphic. Then we may write W(r) = 
where W„(f) is a set of isomorphism classes of irreducible represen¬ 
tations ofGljn{kv), which depends only on f\Gp^- 

In fact one expects something more, namely that the set Wt,(f) should depend 
only on r\ip^-, a point that will be important for making explicit Serre weight 
conjectures later in the paper (see especially Section Ol) . 

Much of the rest of the paper will be occupied with the question of making Con¬ 
jecture [2lL5] more precise (and for giving evidence for the more precise conjectures) 
in the sense of giving conjectural descriptions of the sets W„(f) in terms of 

2.2. Groups which are compact modulo centre at infinity. While it is nat¬ 
ural to work with the group GL„/i^, just as in the characteristic 0 Langlands 
program it is often advantageous to work with other choices of group, in particular 
those that admit discrete series. From the point of view of Serre’s conjecture, it 
is particularly advantageous to work with groups which are compact mod centre 
at infinity; the associated arithmetic quotients only admit cohomology in degree 
0 , which facilitates an easy exchange between information in characteristic 0 and 
characteristic p. (In the more general context of groups that admit discrete series, 
there is an expectation that after localising at a maximal ideal m as above which 
is “non-Eisenstein” in the sense that it corresponds to an irreducible Galois rep¬ 
resentation, cohomology should only occur in a single degree; however there are 
at present only fragmentary results in this direction, beyond the case of groups of 
semisimple rank 1.) 

In particular, in the papers [Gro99] . [Gro98a) and [GroO?) Gross considers ques¬ 
tions relating to the weak form of Serre’s conjecture for certain groups over Q which 
are compact mod centre at infinity. While he does not consider the weight part 
of Serre’s conjecture in his setting (although the discussion of |Gro99l §4] could be 
viewed as a starting point in this direction), the conjectures we will make in this 
paper, especially those for more general reductive groups, could be used to make 
explicit Serre weight conjectures for “algebraic modular forms” (in Gross’s termi¬ 
nology) . It seems likely that computations with these automorphic forms would be 
a good way to investigate our general Serre weight conjectures. 

A great deal of progress has been made on these and related questions for a 
particular class of such groups, namely unitary groups or quaternion algebras over 
totally real and GM fields, which are compact mod centre at infinity. (In the 
case of quaternion algebras over a totally real field, it is also possible to allow the 
quaternion algebra to split at a single infinite place: in that case the semisimple 
rank is 1, and it is easy to show that the cohomology of the associated Shimura 
curves vanishes outside of degree 1 after localising at a non-Eisenstein maximal 
ideal, for example via [BD.IIOI Lem. 2.2]). 

In particular, for these groups the association of Galois representations (val¬ 
ued in GL„(Qp)) to automorphic representations is well-understood (see [Shill] 
and the references therein), and the Taylor-Wiles machinery is also well-developed 
1 [CHT08] 1 and has been successfully applied to the problem of the weight part of 
Serre’s conjecture (see for example [GK14j l. The relevance of these results (which 
address characteristic 0 Galois representations and how characteristic p Galois rep¬ 
resentations deform to characteristic 0) to the weight part of Serre’s conjecture is 
the following simple principle, which underlies the proofs of most of what is known 
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about the weight part of Serre’s conjecture to date, and also motivates much of the 
material in the following sections. 

Let us abusively adopt the notation of Section 12.11 above, although the groups 
we are considering are now (say) unitary groups which are compact mod centre at 
infinity. Let 1^ be a finite free Zp-module with a continuous action of Up, and let 
V = V 02 Fp. Then (recalling that U is sufficiently small) we can define a local 
system of Zp-modules V on F (U) as in (I2.1.1L and since Y(U) only has cohomology 
in degree 0, we see that H°{Y (U), V)m ^ 0 if and only if H^{Y{U),V)m ^ 0 if and 
only if H^{Y{U), >V)m 7 ^ 0 for some Jordan-Holder factor W of V. 

Now, if iL°(F(17), V)m 7 ^ 0 then we may consider the p-adic Galois representa¬ 
tions attached to the automorphic representations contributing to H'^{Y{U),V)m', 
these will lift our representation f, and in particular for places v\p the restrictions 
to Gf„ of these representations will lift t|gf„ ■ The known p-adic Hodge-theoretic 
properties of the Galois representations associated to these automorphic represen¬ 
tations then prescribe non-trivial relationships between the t|gf„ (for v\p) and V, 
and thus between the t|gf„ V. In particular, by considering the Jordan-Holder 
factors W of V, we obtain necessary conditions in terms of the t|gf„ ^ fo be 
automorphic of Serre weight W. The basic perspective of this paper (which was 
perhaps first considered in Section 4 of |Geell) . and was refined in [GK14j ) is that 
these necessary conditions are often also sufficient. 

Example 2.2.1. As a specific example of these considerations, consider the case of 
a definite quaternion algebra over Q that is split at p. Up to twist, an irreducible 
Fp-representation of GL 2 (Fp) is of the form W = Sym^“^ Fp for some 2 < k < p-l-1. 
Taking V = Sym^“^ in the above discussion, and using the Jacquet-Langlands 
correspondence, we find that if r is automorphic of Serre weight W, then f can 
be lifted to the Galois representation attached to a newform of weight k and level 
prime to p. By local-global compatibility, this means that t|gqp has a lift to a 
crystalline representation with Hodge-Tate weights {fc — 1, 0}. If one assumes that 
conversely the only obstruction to f being automorphic of Serre weight W is this 
property of tIgq having a crystalline lift with Hodge-Tate weights {k — 1,0}, then 
an examination of the possible reductions modulo p of such crystalline representa¬ 
tions recovers Serre’s original conjecture [Ser87) (or rather, the specialisation of the 
conjecture of [BDJIO] to the case of modular forms over Q, which implies Serre’s 
original conjecture by, for an example, an explicit comparison of Serre’s original 
recipe for a minimal weight with the explicit list of Serre weights; see the proof 
of IBDJIOI Thm. 3.17]). 

This example generalises in an obvious fashion to the case of forms of U(2) over 
totally real fields which are compact at infinity, and allows one to recover the Serre 
weight conjecture of |BDJ10) . (In the case of quaternion algebras over totally real 
helds there is a parity obstruction to finding lifts to characteristic zero, coming 
from the global units. However, in line with Remark 12.2.21 below, the weight part 
of Serre’s conjecture is known for both quaternion algebras and compact forms of 
U(2) over totally real fields, and the sets of Serre weights are the same in both 
cases. We will elaborate on this point, and in particular say a few words about its 
proof, in Remark l4.2.4l below.l 

More generally one can work over a totally real field with a form of U(n) which 
is compact at infinity, and employ similar considerations; the general theory of 
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“change of weight” for Galois representations developed in [BLGGTTI] (which gen¬ 
eralises an argument of Khare-Wintenberger) shows that it is reasonable to expect 
that the only obstructions to producing automorphic lifts of particular weights will 
be the local ones prescribed by p-adic Hodge theory. However, for most choices 
of W it is no longer possible to find a representation V for which V = W, and 
it is far from clear how to extract complete information in characteristic p from 
information in characteristic zero, and accordingly far from clear how to generalise 
the description of the weight part of Serre’s conjecture for GL 2 . However, we do 
still obtain information (for example, that being automorphic of some Serre weight 
implies the existence of a crystalline lift of some specific Hodge-Tate weights), and 
much of this paper is devoted to exploring the relationship between the weight part 
of Serre’s conjecture and p-adic Hodge theory. In particular, a consequence of the 
philosophy of the paper |GK14] is that information about potentially semistable 
lifts is sufficient to determine the set of Serre weights in general; we explain this in 
Sections [3] and 0] below. 

Remark 2.2.2. It is generally expected that there is a mod p Langlands correspon¬ 
dence satisfying local-global compatibility at places dividing p; this is known for 
GL 2 /Q by the results of [EmelO] . A consequence of such a compatibility would be 
that the sets W„(f) would only depend on the reductive group over F^. It there¬ 
fore seems reasonable to use considerations from groups which are compact modulo 
centre at infinity to make conjectures about W„(f) for more general groups; in 
particular, one can use considerations about unitary groups which split at places 
above p (as in ExamDle l2.2.II) to make predictions about the weight part of Serre’s 
conjecture for GL„. 

Remark 2.2.3. One could consider the question of the relationship of the ramifi¬ 
cation of the Galois representation away from p to the tame level (“the level in 
Serre’s conjecture”), and the question of sufficient conditions for a mod p Galois 
representation to correspond to a Hecke eigenclass in the first place (“the weak 
form of Serre’s conjecture” which should correspond to an oddness condition at 
infinite places, see for example |Gro07] and |BVI3[ §6]). Again, these questions lie 
in a rather different direction to the concerns of this paper, and we will not address 
them here. 

3. The Breuil-Mezard formalism for GL„ and Serre weights 

In this section we will recall the formalism of the general Breuil-Mezard con¬ 
jecture for GL„, following |EG14) . and then explain how the formalism leads to 
a Serre weight conjecture. As in [EG 14] . we will only formulate the potentially 
crystalline (as opposed to potentially semistable) version of the conjecture, as this 
is all that we will need. We expect an analogous conjecture to hold in the po¬ 
tentially semistable case, and we refer the reader to Section 1.1.4 of [Kis09aj for 
a discussion of the differences between the potentially crystalline and potentially 
semistable versions of the conjecture in the case of GL 2 /QJ,. (See also Lemma 5.2 
of [GG13j . which shows for GL 2 that the potentially crystalline and potentially 
semistable conjectures predict the same multiplicities; we anticipate that the proof 
will extend to GL„.) 

3.1. Serre weights. Let K/Qp be a finite extension, and assume throughout this 
section that the field E/Qp (our field of coefficients) is sufficiently large. Recall that 
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k and F denote the residue fields of K and E respectively. Fix a representation 
p : Gk —t GL„(F). (We will use p to denote a local Galois representation, typically 
of the group Gk, in contrast to f which we reserve for a global Galois representation, 
typically of the group Gp-) 

Definition 3.1.1. A Serre weight is an isomorphism class of irreducible F-represen- 
tations of GL„(A:). (This definition will be extended to more general reductive 
groups in Definition 19.1.41 1 

We will sometimes (slightly abusively) refer to an individual irreducible repre¬ 
sentation as a Serre weight. 

Remark 3.1.2. From the results recalled below, it follows that all Serre weights can 
be defined over k (note that our running assumptions imply in particular that F 
contains the images of all embeddings k ^ Fp). Hence the choice of coefficient field 
is irrelevant, will occasionally be elided in the below, and will be taken to be Fp 
from Section [5] onwards. 

Let W(fc, n) denote the set of Serre weights for our fixed k and n. In the following 
paragraphs we give an explicit description of this set. 

Write for the subset of Z" consisting of tuples (oi) such that p— 1 > m—ai+i 
for all 1 < 7 < n — 1. If a = (oo-.i) G (Z")'®'", write for the component of a indexed 
by CT G Sk- Set f = [k : Fp], and let ^ denote the equivalence relation on (Z")'®'' 
in which a ^ a' ii and only if there exist integers such that Qa-^i — a'^ = Xo- for 
all (T, i and for any labeling aj of the elements of Sk such that = Uj+i we have 
= 0 (mod — 1). When fc = Fp we can omit the subscript a, and 
the above equivalence relation amounts to Qi — = (p — \)y for some integer y, 

independent of i. 

Given any a G x[^\ we define the A:-representation Pa of GL„(fc) to be the 
representation obtained by evaluating Ind^J(” (woa)jk on k (so we have a natural 
GL„( 0 /f )-equivariant isomorphism Ma®OK^ Pa), and let Na be the irreducible 
sub-fc-representation of Pa generated by the highest weight vector (that this is 
indeed irreducible follows for example from 11 . 2 . 8 ( 1 ) of |Jan03] and the appendix 
to |Her09j L 

If a G (a{"^)'®'“ then we define an irreducible F-representation Fa of GL„(fc) by 

Fa F. 

The representations Fa are absolutely irreducible, and every irreducible F-represen- 
tation of GL„(fc) is of the form Fa for some a (see for example the appendix 
to [HerOQl L Furthermore Fa = Fa' if and only if a ^ o', and so the map a ^ Fa 
gives a bijection from (A]-"^)'^''/^ to the set of Serre weights. We identify the two 
sets W(fc,n) and (A^"^)'®'“/~ under this bijection, and we refer to the elements of 
(Aj"^)'®'“/^ as Serre weights. (We will abuse this terminology in two specific ways: 
if a G (A^"^)'^'' and W is a set of weights, we may write a G W when literally we 
mean Fa GW, and we may write “the weight a” when literally we mean “the Serre 
weight represented by a.”) 

If fc = Fp we will also write F{aa-,i, ■ ■ ■, aa,n) for Fa, where Sk = {cr}. 










18 


TOBY GEE, FLORIAN HERZIG, AND DAVID SAVITT 


3.2. The Breuil—Mezard conjecture. By the main results of [KisOS] . for each 
Hodge type A and inertial type r there is a unique reduced and p-torsion free quo¬ 
tient of the universal lifting O-algebra Rp,o which is characterised by the 

property that if E'/E is a hnite extension of fields, then an O-algebra homomor¬ 
phism R-p ,o —t E' factors through Rp'Q if and only if the corresponding represen¬ 
tation Gk —t Gljn{E') is potentially crystalline of Hodge type A and inertial type 
r. The ring is regular by |Kis081 Thm. 3.3.8]. When O is clear from the 

context, we will suppress it and write simply R^'^■ If t is trivial we will write R^ 
for 

Given an inertial type r, there is a finite-dimensional smooth irreducible Qp- 
representation ct(t) of GLn(OK) associated to r by the “inertial local Langlands 
correspondence”, as in the following consequence of the results of ISZ99I , which is 
Theorem 3.7 of |CEG+14| . 

Theorem 3.2.1. //r is an inertial type, then there is a finite-dimensional smooth 
irreducible Qp-representation cr(T) of GLn(OK) such that if n is any irreducible 
smooth Qp-representation of G, then the restriction ofir to GhniOx) contains (an 
isomorphic copy of) afir) as a subrepresentation if and only i/reCp( 7 r)|/^ ~ r and 
N = 0 on reCp(7r). Furthermore, in this case the restriction of tt to GL„(C>i<') 
contains a unique copy of cf{T). 

Remark 3.2.2. In particular, if t is the trivial inertial type, then cr^r) = is the 
trivial one-dimensional representation of GL„((!Iif). 

Remark 3.2.3. In general the type ct(t) need not be unique, although it is a folklore 
conjecture (which is known for n = 2, see Henniart’s appendix to [BM02j l that (j{t) 
is unique if p > n. The Breuil-Mezard conjecture, as formulated below, should hold 
for any choice of cr(r); indeed it seems plausible that the semisimplification of the 
reduction mod p of cr(T) does not depend on any choices (this is the case when 
n = 2 by Proposition 4.2 of ^014) 1. 

Enlarging E if necessary, we may assume that cr(r) is defined over E. Since it is 
a hnite-dimensional representation of the compact group GL„((!Ii^), it contains a 
GL„(0/f)-stable O-lattice Lr- Set La.t := ®o L\, a finite free O-module with 
an action of GL„(Oif). Then we may write 

(LA,r®oFr 

where the sum runs over Serre weights a € W(fc,n), and the nA,r(a) are non¬ 
negative integers. Then we have the following conjecture. 

Conjecture 3.2.4 (The generalised Breuil-Mezard conjecture). There exist non¬ 
negative integers fJ-aip) depending only on p and a such that for all Hodge types A 
and inertial types r we have eifR^^'^jw) = 

Here w is & uniformiser of O. The finitely many integers tiaifp) are in fact hugely 
overdetermined by the infinitely many equations e{R^’'^/w) = '^g^n\^r[<i)pLa{p)- 
We will return to this point in the next subsection. 

Remark 3.2.5. The multiplicities /ia(p) in Conjecture 13.2.41 will be independent of 
the coefficient field E, in the following sense. Let E' be a hnite extension of E, with 
ring of integers O' and residue held F'. Write fi' ='p Gf F' and r' = t Ge E'. One 
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knows ( |BLGGT14[ Lem. 1.2.1 and §1.4]) that there is an isomorphism = 

It follows that if Goniecture 13.2.41 holds then fiaip') = Paip) for all 

a G W(fc, n). 

The generalised Breuil-Mezard conjecture is almost completely understood when 
n = 2 and K = Qp i.e. in the setting originally studied and conjectured by Breuil 
and Mezard [BMn2fl. In fact, it is completely understood in this setting whenp > 3 
[Kis09al IPasl5bl IHTlSbj : when p = 2, 3 it is known in all cases except when the 
representation p is reducible and the characters on the diagonal of p have ratio e 
(= when p < 3) |Pasl5al [KisOQai [5anl5| . The multiplicities Pa{p) in this case 
are described in most cases (those for which p has only scalar endomorphisms) 
in [BMn21 §2.1.2], and in general in [KisOQal §1.1] together with [Sanl4j . 

Assuming Goniecture 13.2.41 we make the following definition and conjecture. 

Definition 3.2.6. We define Wbm(p), the Breuil-Mezard predicted weights for p, 
to be the set of Serre weights a such that Pa(p) > 0. 

Conjecture 3.2.7. In the weight part of Serre’s conjecture (Coni. [2. 1. 51 ) . we may 
take W„(f) = WbmCtIgf^)- 

In Section [4] below we will explain how the formalism of the Taylor-Wiles-Kisin 
patching method shows that this is a natural definition for the set of predicted Serre 
weights. 

3.3. Breuil-Mezard systems. We now describe a family of variants of Conjec¬ 
tures [31131 and [32IZ1 Let 5 be a set of pairs (A, r) such that A is a Hodge type and 
T is an inertial type (both for our fixed K and n). We say that 5 is a Breuil-Mezard 
system if the map ^ given by the formula 

ixa)a(^w{k,n) ^ I ^nx^ria)Xa j 

\ “ / (A,r)es 

is injective; in particular, if 5 is a Breuil-Mezard system then for each representa¬ 
tion p the equations e{B^’'’'/w) = ''T‘\,r{o,)Pa{'p), regarded as a system of linear 

equations in the variables p.a(jj), can have at most one solution. 

We remark that 5 is a Breuil-Mezard system if and only if the map Z[S] —>■ 
Aro(Rep]f(GL„(A:))) sending (A,r) >->• [La,t Go IF] has finite index. (Here we write 
Aro(Rep]f(GL„(A:))) for the Grothendieck group of finite-dimensional F[GL„(fc)]- 
modules.) Indeed, if S is hnite then this is precisely the dual of the definition in 
the previous paragraph; in general, for the ‘only if’ direction one simply notes that 
any Breuil-Mezard system contains a finite Breuil-Mezard system, and similarly 
for the ‘if’ direction. 

Example 3.3.1. Take n = 2 and let BT be the set of pairs (0,r), so that BT is the 
set of potentially Barsotti-Tate types. Then |GK141 Lem. 3.5.2] shows that BT is 
a Breuil-Mezard system, and indeed that this is true even if we restrict to types r 
such that det t is tame. 

To give another example, we make the following definition. 

^Breuil and Mezard restricted their original conjecture to the case of Hodge types A = (r, 0) 
with 0 < r < p — 3, but this was only due to the lack of a suitable integral p-adic Hodge theory 
at the time they formulated the conjecture. 
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Definition 3.3.2. We say that an element A G is a lift of an element 

a G if for each a G Sk there exists G Sk lifting a such that 

and Ak' = 0 for all other k' ^ in Sk lifting tr. In that case we may say that the 

lift A is taken with respect to the choice of embeddings (ko-). When a G 

we will also say that A is a lift (with respect to the choice of embeddings {k^)) of 

the Serre weight represented by a. 

Example 3.3.3. Fix a lift A{, for each Serre weight 5, and let cr be the set of pairs 
(A{,,triv), where triv denotes the trivial type. Then cr is a Breuil-Mezard system, 
because Lemma 13.3.51 below shows (inductively) that the natural map Z[cr] —>■ 
iGo(R.ep]F(GL„(/c))) is surjective. 

Definition 3.3.4. For a G let ||a|| := ^(n + 1 — 2i)aa,i G Z>o. 

Lemma 3.3.5. If X is a lift of a G then has socle Fa, and every 

other Jordan-Holder factor of Lx (g)c> F is of the form F), with b G and 

\\b\\<\\a\\. 

To prove Lemma [3.3.5l it is best to work not with the group GL„ over k but rather 
its restriction of scalars to Fp. For this reason we defer the proof until Section 110.31 
However, we stress that Lemma 13.3.51 will only be used in our discussion of the 
Breuil-Mezard system cf. 

In the following conjectures and definition, we let 5 be a Breuil-Mezard system. 

Conjecture 3.3.6 (The Breuil-Mezard conjecture for representations of type S). 
There exist non-negative integers /ia(p) depending only onf and a such that for all 
(A,t) G S we have e{R^'^/w) = ^A,r(a)Fa(p)- 

Definition 3.3.7. Suppose that the Breuil-Mezard conjecture for representations 
of type S is true for p. We define Ws (p) to be the set of Serre weights a such that 
Ma(p) > 0. 

Conjecture 3.3.8 (The 5-weight part of Serre’s conjecture). Suppose that the 
Breuil-Mezard conjecture for representations of type S ( Coni. [3.3.6\] is true. Then 
the weight part of Serre’s conjecture (Coni. [S. 1. 51 1 holds with W„(r) = W 5 (r|GF^). 

Of course if the generalised Breuil-Mezard conjecture (Conj. 13.2.41) holds, then 
so does the Breuil-Mezard conjecture for representations of any type S, and in 
that case we must always have Wbm(p) = In particular, if we believe 

Conjecture 13.2.41 land as we explain in Section |4] below, we certainly should believe 
Conjecture 13. 2. 41 1. then the Breuil-Mezard predicted weights for p are completely 
determined by information about the crystalline lifts of p of bounded Hodge-Tate 
weights. 

Example 3.3.9. Assume that p > 2. Gee and Kisin [GKI41 Cor. 3.5.6] have estab¬ 
lished the Breuil-Mezard conjecture for potentially Barsotti-Tate representations; 
that is, they have shown that Conjecture 13.3.61 holds for the system BT of Exam¬ 
ple 13331 In fact they also prove (subject to a Taylor-Wiles-type hypothesis) that 
the BT-weight part of Serre’s conjecture holds in this setting, i.e. that the analogue 
of Conjecture 12. 1. 51 for quaternion algebras or forms of U(2) over totally real fields 
holds with W^(f) = Wbt(F|gp^) f |GKI41 Cor. 4.5.4]); see also the discussion in 
Section l42l of this paper. 
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Example 3.3.10. Let cr be one of the Breuil-Mezard systems of Example 13.3.31 
Then a weak version of the Breuil-Mezard conjecture for representations of type cf 
is trivially true; namely, there are uniquely determined integers /Ja(p) satisfying the 
required equations, but it is not clear that these integers are non-negative. (Since 
the system cr is in bijection with the set of Serre weights, it is immediate that there 
are uniquely determined rational numbers pLa{fi) satisfying the required equations, 
and that they are in fact integers follows easily from Lemma [3.3.51 1 

If n = 2, it follows trivially that the ^a(p) are indeed non-negative integers (so 
that the Breuil-Mezard conjecture holds for representations of type cf), and that 
a G Wct(p) if and only if p has a crystalline lift of Hodge type Aa (for our chosen 
lift Aa of a). 

The set Wur(p) a priori could depend on the choice of lifts in the construction 
of cf. However, if n = 2 and p > 2, it is proved in [GLS151 Thm. 6.1.8] that the set 
Wct(p) is independent of these choices, and indeed is equal to Wbt(p) and thus (as 
explained in Example I3.3.9|) under a mild Taylor-Wiles hypothesis the analogue of 
Conjecture 12.1.51 for quaternion algebras or forms of U(2) over totally real fields 
holds with Wv{f) = y^ 5 iir\GF^)- 

4. Patching functors and the Breuil-Mezard formalism 

4.1. Patching functors. The most general results available to date on the weight 
part of Serre’s conjecture have been based on the method of Taylor-Wiles patching 
(see, for example, [BLGG13] and |GK14| 1. In this section, we give a general formal¬ 
ism for these arguments, and we explain how the resolution of the weight part of 
Serre’s conjecture for Hilbert modular forms in [GK141 IBLGGl,^ IGLS15| fits into 
this framework. 

The formalism we have in mind is a generalisation of the one employed in [GK14j , 
which in turn is based on Kisin’s work on the Breuil-Mezard conjecture [Kis09a| . 
Since our aim in this paper is not to prove new global theorems, but rather to explain 
what we believe should be true, we avoid making specific Taylor-Wiles patching 
arguments, and instead use the abstract language of patching functors, originally 
introduced for GL 2 in [EGSlSj . Our patching functors will be for GL„, and will 
satisfy slightly different axioms from those in |EGS15| . but are motivated by the 
same idea, which is to abstract the objects produced by Taylor-Wiles patching. In 
practice one often wants to consider all places above p at once, but for simplicity 
of notation we will work at a single place in this section. 

Continue to work in the context of Section [3J so that we have a fixed representa¬ 
tion p : Gk GL„(F). Fix some h> 0, and write i?oo := R^p\\xl^ • • ■ > Xoo '■= 
Spfi?oo- (In applications, the Xi will be the auxiliary variables that arise in the 
Taylor-Wiles method; they will be unimportant in our discussion, and the reader 
unfamiliar with the details of the Taylor-Wiles method will lose nothing by assum¬ 
ing that h = 0.) We write := ..., x/ij] and Xoo(A,t) := Spfi?^’’’. 

Write Xoo and Xoo(A,t) for the special fibres of and Xoo(A,r) respectively. 
Write d -I- 1 for the dimension of the non-zero Xoo(A, r) (which is independent of 
the choice of A, r). 

Let C denote the category of finitely generated O-modules with a continuous 
action of GL„((!I/f); in particular, we have La.t G C for any A, r. Fix a Breuil- 
Mezard system S in the sense of Section 13.31 
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Definition 4.1.1. A patching functor for 5 is a non-zero covariant exact functor 
Moo from C to the category of coherent sheaves on Xoo, with the properties that: 
o for all pairs (A, r) S S, the sheaf Moo(Aa,t) is p-torsion free and has 
support Xoo (A, T)^ and in fact is maximal Cohen-Macaulay over Xoo(A, r); 
o for all Serre weights Fa, the support Xoo{Fa) of the sheaf Moo{Fa) either 
has dimension d or is empty; 

o the (maximal Cohen-Macaulay over a regular scheme, so) locally free sheaf 
Moc{L\^t)[^/p\ has rank one over the generic fibre of Xoo(A,t). 

Remark 4.1.2. In practice, examples of patching functors Moo come from the 
Taylor-Wiles-Kisin patching method applied to spaces of automorphic forms, lo¬ 
calised at a maximal ideal of a Hecke algebra which corresponds to a global Galois 
representation r which locally at some place above p restricts to give p. For exam¬ 
ple, the functor a° i-A- Moo(cr°) defined in [CEG+llI §4] is conjecturally a patching 
functor; the only difficulty in verifying this is that the usual Auslander-Buchsbaum 
argument only shows that Moo(Aa,t) is maximal Cohen-Macaulay over its support, 
which is a union of irreducible components of the generic fibre of Xoo(A, t). 

Showing that this support is in fact the whole of Xoo(A,t) is one of the major 
open problems in the field; it is closely related to the Fontaine-Mazur conjec¬ 
ture, and is therefore strongly believed to hold in general. By the main results 
of |BLGGTT4] , this is known whenever all potentially crystalline representations of 
Hodge type A and inertial type r are potentially diagonalisable, but this condition 
seems to be hard to verify in practice. 

Remark 4.1.3. The assumption that Moo(AA,r)[l/p] has rank one corresponds to 
the notion of a minimal patching functor in [EGS15) . The following arguments go 
through straightforwardly if one allows the rank to be higher, and in applications 
coming from Taylor-Wiles-Kisin patching, it is occasionally necessary to allow this 
(due to the need to ensure that the tame level is sufficiently small when the image of 
the global Galois representation is also small), but it makes no essential difference to 
the discussion below. However, these cases are rare, and in particular the patching 
constructions of |GEG^14 give examples where the rank is one. 

4.2. The relationship to the Breuil—Mezard conjecture. The connection be¬ 
tween patching functors and Serre weights is the following result, which is an ab¬ 
straction of one of the main ideas of [GK14) . 

Proposition 4.2.1. If a patching functor for S exists, then the Breuil-Mezard 
conjecture for representations of type S {Conj. \3. 3.6\) holds, and the set 'Wsi'p) is 
precisely the set of weights a for which Moo(ct) ^ 0 . 

Proof. Let Moo be a patching functor for S. The Xoo(A,t) are all equidimensional 
of dimension d by |BM14l Lem. 2.1]. By |Mat891 Thm. 14.6] we have 

e{Moo{L\^r Oo F), Xoo(A, r)) = ^ nx^r{a)e{Moo{Fa), Xoo(A, r)) 

a 

(noting that Moo{Fa) is supported on Xoo(A, r) whenever n\^r(a) > 0). Now from 
[Mat89[ Thm. 14.7] (or [Kis09a[ Prop. 1.3.7]) it follows that if A ^ i? is a surjection 
of Noetherian local rings of the same dimension and M is a finitely generated B- 
module, then e{B,M) = e{A,M), where on the right-hand side M is regarded as 
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an ^-module via the given map. If Xoo{Fa) is non-empty, then from the definition 
of a patching functor it has dimension d, and it follows that 

(4.2.2) nx,r{a)e{M^{Fa),X^{\T)) = nx,r{a)e{M^{Fa),Xoo{Fa)). 

If we make the convention that e(0, 0) = 0, then (14.2.21) holds in general, since the 
left-hand side is 0 when Xoo{Fa) is empty. 

From the third bullet point in the definition of a patching functor, we know 
that Moo{L\^t)p is free of rank 1 for any minimal prime p of (note that 

the latter ring has no p-torsion). Let S := \ UpPi P^e union being taken 

over all minimal primes of We have 5 '“^Moo(La,t) — Op-^^ oo(I^a,t)p as 

an = np(-^^’^)p"nJodule, the products again being taken over all minimal 

primes of Hence we can find find m' G Moo(La,t) such that for any such p, the 
image of m' in Moo(La,t)p is a basis as a (i?;^'^)p-module. It follows that [Kis09al 
Proposition 1.3.4](2) applies with A = M = R^'^, M' = Moo{L\,t)^ G = \, x = w, 
and f : AI ^ M' the map sending 1 i—J m', from which we find that 

(4.2.3) e(Moo(LA.r®oF),Xoo(A,T)) = e(i?^’7tj7). 

(Note that e(Xoo(A,r)) = e{R^ /vj) = e{R^''^/w).) 

Putting together equations (14.2.21) and (I4.2.3|) . we find that Conjecture 13.3.61 
holds with 

:= e{Moo{Fa),Xoo{Fa)). 

By the definition of a Breuil-Mezard system, the Pa(p) are uniquely determined. 
Finally, it follows from [Mat891 Formula 14.2] that e{Moa{Fa),Xoc{Fa)) > 0 if and 
only if Moo (FA) 0 , and the result follows. □ 

Remark 4.2.4. In the cases that Moo arises from the Taylor-Wiles-Kisin patching 
construction. Moo (FA) corresponds to (patched) spaces of mod p automorphic forms 
of weight a, and it is immediate from the definition that Moo (FA) 0 if and only 
if f is automorphic of Serre weight a. Thus in cases where it can be shown that 
the Taylor-Wiles-Kisin method gives a patching functor for S (which, as explained 
in Remark 14.1.21 amounts to showing that the support of the Moo (Fa, r) is as 
large as possible), the 5-weight part of Serre’s conjecture lConi. 153^ follows from 
Proposition 14.2.11 

As explained in Remark 14.1.21 it is not in general known that potentially crys¬ 
talline representations are potentially diagonalisable, which limits the supply of 
patching functors for general Breuil-Mezard systems. 

The situation is better when n = 2, and indeed as a result of the papers [GK14) . 
[BLGG13] and [GLSlSj . it is now known that if p > 2, then Wbt(p) = 
where BT is the Breuil-Mezard system of Example 13.3.11 and cf is any of the 
Breuil-Mezard systems of Example 13.3.31 and it is known that the analogue of 
Goniecture 12.1.51 for quaternion algebras or forms of U(2) over totally real fields 
holds for this set of weights. 

We briefly recall the argument. By the results of [KisOQd lGee06) potential di- 
agonalisability is known for the system BT, and Proposition 14.2.11 (applied to the 
Taylor-Wiles-Kisin patching method for automorphic forms on suitable quaternion 
algebras or forms of U(2)) then implies the result of |GK14] discussed in Exam- 
ple l3.3.91 Indeed, as we have already explained, Proposition l4.2.11 is an abstraction 
of the arguments of [GK14j . It remains to show that Wbt(p) = Wur(7- 
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Since this question is purely local, it suffices to work in the U(2) setting, where 
it is essentially immediate (by the considerations explained in Example 12.2.ip that 
Wbt(p) C 'Wcr{p) (note that by the previous paragraph, the left hand side is known 
at this point in the argument to be the set of weights that occur globally). The 
purely local results of |GLS15) . coming from a detailed study of the underlying 
integral p-adic Hodge theory, show that if Fa G Wct(p), then p necessarily has a 
potentially diagonalisable crystalline lift of Hodge type A^. The above machinery 
then shows that Wa(p) C Wbt(p) (again using that the right hand side is the set of 
weights that occur globally; this part of the argument is carried out in |BLGG13] 1. 
as required. 


5. Crystalline lifts and Serre weights 

The Breuil-Mezard version of the weight part of Serre’s conjecture (Conjec¬ 
ture 13.2.71) has the obvious drawback that even the definition of the conjectural 
set of weights Wbm(p) is contingent on Conjecture 13.2.41 (Of course, in theory it 
is possible to determine the conjectural values of the fiaipYs without proving the 
generalised Breuil-Mezard conjecture first, by computing jw) for enough 

choices of A and r, but in practise this seems to be very difficult.) In this section 
we will, under the assumption that is semisimple, define another conjectural 
set of Serre weights in terms of crystalline lifts. Although this set of weights may 
not be any more computable than Wbm(p), its definition will not depend on any 
unproven conjectures, and perhaps more importantly it will provide a bridge be¬ 
tween the Breuil-Mezard description of the set of Serre weights and a much more 
explicit set of Serre weights to be defined in Section [73] 

It is perhaps also worth recalling that, although we have emphasized the Breuil- 
Mezard perspective in this article, the crystalline lifts perspective historically came 
first. Indeed, the original explicit description of weights given in [Ser87| can in 
retrospect be understood as the most optimistic conjecture that one could make 
given the constraints provided by known results on the reduction mod p of the 
crystalline representations associated to modular forms, and similarly the conjecture 
of [BDJIO] arose from the consideration of crystalline lifts via Fontaine-Laffaille 
theory. Unfortunately, when n > 2 it seems that (contrary to the conjectures made 
in [Geellj 'l the obvious extension of these conjectures to the general case that p\ij^ 
is not semisimple is false, and it now seems likely that a precise description of the 
sets of weights in general will be extremely complicated; see Sections 16.21 and 17.31 
below. 

5.1. Crystalline lifts. We hx a finite extension K/Qp and a representation p : 
Gk GL„(Fp). 

Remark 5.1.1. Note that we have now switched (for the remainder of the paper) 
to working with p whose coefficients are algebraically closed. By Remark 13.2.51 it 
still makes sense to speak of Wbm(p): choose any sufficiently large finite extension 
F/Fp such that p has a model p^ over F, set Pa(p) = Ma(PF)) ^.nd take Wbm(p) = 
{a : Pa(p) > 0} as usual. (Recall that Serre weights can equally well be taken to 
be dehned over Fp; cf. Remark l3. 1.21 1 Similarly for any Hodge type A we can write 
R^ = ®o'^p for any sufficiently large O, and Remark [3.2.51 again shows that 

this is well-defined. Correspondingly, in this section L\ will mean L\ o ®o for 
any sufficiently large O. 
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Definition 5.1.2. Suppose that A € A crystalline lift of p of Hodge type 

A is a representation p : Gk —t GL„(Zp) such that 
o p (g>g Fp = p and 

o p Qp is crystalline and regular of weight A. 

To motivate our reformulation of the weight part of Serre’s conjecture in terms 
of crystalline lifts, we consider the following lemma. 

Lemma 5.1.3. Assume that the generalised Breuil-Mezard conjecture {Conj. [3. it. 41 ) 
holds. Then p has a crystalline lift of Hodge type A if and only if Wbm(p) H 
JHGL„(fe)(AA Fp) 0 . 

Proof. Since a representation p : Gk —t GL„(Zp) has image contained in Gljn{0') 
for some finite O'/Zp, it follows that p has a crystalline lift of Hodge type A if and 
only if ^ 0. Under the assumption of Gonjecture 13.2.41 this is equivalent to 
there being a Jordan-Hdlder factor Fa of L\ (g)^ IFp such that Pa(p) > 0, which by 
definition is equivalent to a G Wbm(p)- D 

Corollary 5.1.4. Assume the generalised Breuil-Mezard conjecture ( Conj. Y3.2.j\ i 
holds, and let X be a lift of the Serre weight a. If a G Wbm(p), then p has a 
crystalline lift of Hodge type A. 

Proof. Suppose that A is a lift of a with respect to the lift (ko-) of Sk. From 
Definition 13.3.21 we see that Lx = GiaeSk ®Ok,k„ and so L\ Fp = 
Pa„ ®k,a Fp. In particular Lx Fp has Fa as a Jordan-Holder factor and 
Lemma 15.1.31 applies. □ 

We are thus led to make the following definition. 

Definition 5.1.5. We define Wfrjg(p), the crystalline weights for p, to be the set 
of Serre weights a such the representation p has a crystalline lift of Hodge type A 
for some lift A of a. We further define WCTjs(p) to be the set of Serre weights a such 
that p has a crystalline lift of Hodge type A for every lift A of a. 

It is not difficult to check that this definition is reasonable in the following 
sense: let a G be a Serre weight, and suppose that A = {a^.i) and 

A' = {a'a i) are two lifts of a to (Z")®^, each taken with respect to the same choice 
of embeddings (ko-); then p has a crystalline lift of Hodge type A if and only if it 
has a crystalline lift of Hodge type A'. To see this, we first recall the following basic 
fact about crystalline characters and their reductions modulo p. 

Lemma 5.1.6. Let A = {A^IksSk ^6 a collection of integers. 

(i) There is a crystalline character ipA ■ ^p such that for each k G 

Sk we have HTk(i/’^) = A^; this character is uniquely determined up to 
unramified twists. 

(ii) We have i/'a 1 /^ = OaeS, where 

Proof. Existence in (i) is well-known; see for instance |Ser79[ §2.3, Gor. 2] or 
[Coni 11 Prop. B.4]. If if and ip' are crystalline characters of Gk with the same 
labeled Hodge-Tate weights, then ip~^ip' is a crystalline representation all of whose 
Hodge-Tate weights are zero, and so is unramified. This proves (i), while (ii) is a 
consequence of |Gonll[ Prop. B.3] (see also the proof of |GLS141 Prop. 6.7]). □ 
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Now, to justify the claim preceding Lemma r^.l.Bl write a'^ ^ — = Xa- Then the 

lift of Hodge type A' can be obtained by twisting the lift of type A by a crystalline 
character with Ko-labeled Hodge-Tate weight Xa for each a £ Sk, At'-labeled Hodge- 
Tate weights 0 for all other k' £ Sk, and trivial reduction; such a character exists 
by Lemma l5.1.6l 

In general, we obviously have W^,.;g(p) C W^,.;g(p), and assuming the generalised 
Breuil-Mezard conjecture we even have Wbm(p) C W^,,ig(p) = Wp,.;g(p). (The 
equality follows from Lemma 15.1.31 noting that L\ Fp = Ly Fp for any 
two lifts A, A' of the same Serre weight.) If is semisimple, then as in [Geelll 
Conj. 4.2.1], we make the following conjecture. As we have already remarked, we 
do not believe that [Geelll Conj. 4.2.1] is true without the semisimplicity hypoth¬ 
esis that we impose here; even in the semisimple case, where there is (as we will 
see below) considerable evidence in favour of the conjecture, we do not have an 
undeniable reason to believe that it holds in complete generality. 

Conjecture 5.1.7 (The weight part of Serre’s conjecture in terms of crystalline 
lifts). 

(i) If f\jp^ is semisimple for all places v\p, then the weight part of Serre’s 
conjecture (Coni. 1. 51 1 holds with W„(f) = W^j.jg(f|( 3 p ). 

(ii) WA/law Wf,i3(p) =W^,i,(p). 

(hi) IffliK 'Is semisimple, then in the context of the generalised Breuil-Mezard 
conjecture {Conj. \3.2.4\) , one has Wbm(p) = WfBs(p) = W^bs(p)- 

If one believes the 5-weight part of Serre’s conjecture (Conj. 13.3.81) — and as 
explained in Section|4]above, the Taylor-Wiles-Kisin method strongly suggests that 
we should believe Coniecture l3.3.81 — then the mysterious part of Coniecture l5.1.71 is 
the assertion that W^j.jg(p) is no larger than Wsip)- The evidence for this conjecture 
is for the most part limited to the case n < 2 (but see Remark 15.1.91 below) and 
the case of GL 3 (Qp), and from a theoretical point of view the conjecture is rather 
mysterious; however, the evidence for the case of GL 3 (Qp) is striking (see SectionjS] 
for a detailed discussion of the theoretical and computational evidence in this case), 
and makes the conjecture seem plausible in general. 

Remark 5.1.8. Considerable progress has been made on Coniecture l5.1.7l in the case 
where p is at most two-dimensional. 

If n = 1 then Coniecture l5.1.71 is a consequence of class field theory together with 
an analysis of crystalline characters and their reductions modulo p. (For example, 
part (ii) of the conjecture when n = 1 follows from Lemma 15.1.61 1 

If n = 2 and p > 2 then, as explained in Remark 14.2.41 part (ii) of Conjec¬ 
ture [HUIT] is known, and the analogue of part (i) for quaternion algebras and forms 
of U(2) over totally real fields is also known. If n = 2 and K = Qp then part (iii) is 
known whenever the Breuil-Mezard conjecture is known; that is, it is known unless 
p = 2,3, the representation p is reducible, and the characters on the diagonal of p 
have ratio e (= e~^ when p < 3) |PasI5bl lHT13bl lPasI5al [SanI5j . Indeed, all of 
these results hold without the assumption of semisimplicity. 

Remark 5.1.9. Again assuming the generalised Breuil-Mezard conjecture, we note 
that the weights in Wbm(p) and W^,.ig(p) which are in the closure of the lowest 
alcove (i.e. the weights a such that Oo-,! — aa-,n + {'^—1) < P for each a) must always 
coincide: this follows by considerations similar to those in the proofs of Lemma [5. 1.31 
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and Corollary 15.1.41 noting that if A is a lift of such a weight, the representation 
L\ ®'p irreducible. In particular, when n < 2 all Serre weights are in the 
closure of the lowest alcove, so that the progress towards Conjecture 15.1.71 in the 
case n < 2 should be regarded as relatively weak evidence for the general case. 

It is worth mentioning that while it is an open problem to prove that Wfj.;g(p) is 
non-empty in general, we strongly believe that this is the case. Indeed, if p arises 
as the local mod p representation associated to an automorphic representation 
of some unitary group which is compact at infinity, then this is automatic from 
the considerations explained in Example 12.2.11 (in brief: the corresponding system 
of Hecke eigenvalues will show up in the cohomology associated to some Serre 
weight W, and lifting to characteristic 0 gives a global Galois representation which 
is crystalline of the appropriate Hodge-Tate weights). 

While it might seem that this is a rather restrictive requirement on p, it is 
expected that such an automorphic representation exists for every choice of p (of 
course, one has to allow unitary groups associated to arbitrary CM fields). Indeed, 
as explained in |EG141 App. A], the methods of |CalI2) allow one to globalise p to 
a representation which should (under the assumption of a weak version of Serre’s 
conjecture for unitary groups) correspond to an automorphic representation on 
some unitary group. Furthermore, even without knowing weak Serre, under the 
assumptions that p j" 2n and that p admits a potentially diagonalisable lift with 
regular Hodge-Tate weights, the potential automorphy results of [BLGGTld] imply 
that p can indeed be globalised to an automorphic Galois representation [EGI41 
Gor. A.7], so that WCTjs(p) is provably non-empty for such representations. It is 
widely expected that every p ad mits such a potentially diagonalisable lift, and this 
is known if p is semisimple by [GEG^I^ Lem. 2.2]. (These considerations are 
expanded upon in [GHLS151 §3].) 

We close this section with the observation that the generalised Breuil-Mezard 
conjecture and the crystalline lifts version of the weight part of Serre’s conjecture 
IConiectures 13.2.^ and [AI.7I1 together with Lemma 15.1.31 entail the following con¬ 
jecture. 

Conjecture 5.1.10. Suppose thafplij^ is semisimple. //Wfj.;g(p)nJHQL^(fc)(LAC)fp 
Fp) 0 for some lift A of the Serre weight a, then a G Wfj.;g(p). 

It is possible to use (global) potential automorphy techniques to prove Gonjec- 
ture l5.1.i0l in certain special cases; see [GHLS151 §3] for details. 

Remark 5.1.11. Assume that the generalised Breuil-Mezard conjecture holds so 
that, as we have already observed, Wbm(p) C W^,.ig(p) = Wfj.;g(p). Then Con¬ 
jecture I5.1.7l iiil is equivalent to the variant of Conjecture 15.1.101 where Wf,,;g is 
replaced with Wbm- Indeed, this variant is equivalent to W^j.;g(p) C Wbm(p) by 
Lemma 15.1.31 


6. The picture 

6.1. A geometric perspective. We now explain a geometric perspective (“the 
picture”) on the weight part of Serre’s conjecture. Full details will appear in the 
papers |EG151fEGllCEG^ . Continue to fix a finite extension K/Qp and an integer 
n > 1. Assume that p is odd. Then the papers |EG151 lEGl ICEGS) construct a 
finite type equidimensional Artin stack X over Fp (of dimension [K : Qp] ( 2 ))) whose 
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Fp-points naturally correspond to the isomorphism classes of those representations 
p : Gk GL„(Fp) that admit a de Rham lift to GLji(Zp) (of course, these are 
conjecturally all the p, but as far as we are aware this is only known if n < 3; the 
case n = 3 is due to Muller [Mull3) l. 

Furthermore, for each pair (A, r) consisting of a Hodge type A and an inertial 
type r, there is a finite type formal Artin stack X\^r over SpfZp, whose Zp-points 
are in natural bijection with the isomorphism classes of de Rham representations 
p : Gk —>■ GL„(Zp) of type (A, r). There is a specialisation morphism tt : X\,r —>■ X, 
which on points just sends p to its reduction modulo p. The underlying reduced 
substack of 7r(A’A,T) is a union of irreducible components of X. 

Each irreducible component of X has a dense open subset of closed points that 
lie only on that component, and which correspond to certain maximally non-split 
upper-triangular representations with characters Xi, ■ ■ ■, Xn on the diagonal such 
that the characters Xi\iK fixed. We refer to these points as the generic ¥p-points 
of the component. 

Suppose for example that n = 2, and fix characters ipt : Ik ^ Fp for i = 1,2 
that extend to Gk- Then whenever ^ £, there is a unique component whose 

generic Fp-points correspond to extensions of X 2 by xi with XiI/k — ''/’d these 
representations have a unique Serre weight. We label the irreducible component by 
the corresponding Serre weight. Note that this Serre weight can be read off directly 
from an expression of the Xi in terms of fundamental characters (that is, from the 
tame inertial weights). 

To illustrate what happens when = £, suppose further that K = Qp. 

There is one component of X whose generic Fp-points are tres ramifiee extensions 
of X by x£) where x is any unramified character, and also another component whose 
generic Fp-points are extensions of X 2 by xi^j where xi 7^ X 2 are any unramified 
characters. The peu ramifiee extensions of x by x£ he on both components (and 
so are not generic Fp-points on either of them). We label the first component by 
the Serre weight Sym^“^ Fp, while the second is labeled by both 1 and Sym^“^ Fp, 
the two Serre weights of a generic Fp-point on that component. In particular every 
component of X labeled by 1 is also labeled by Sym^“^Fp. All other components 
of X are labeled by a single Serre weight, as in the previous paragraph, and in fact 
each other Serre weight is the label for a unique irreducible component of X. 

More generally, we expect that when n > 2 there will be a set of weights associ¬ 
ated to each component, and the Serre weights of any p will be precisely the union 
of the sets of weights associated to the components that it lies on. In particular 
the labels of a component must therefore be the Serre weights of its generic Fp- 
points. This structure, with the set of Serre weights for p being the set W 5 (p) for a 
Breuil-Mezard system S, should be a consequence of the Breuil-Mezard conjecture 
for representations of type S. Indeed for n = 2 (with K arbitrary) and S = BT 
this can be proved, as a consequence of the results of [GKI4) (see |CEGS| 1. 

Accordingly, understanding the weight part of Serre’s conjecture should reduce 
to understanding the components of X on which a given representation lies, and 
understanding what the Serre weights are for maximally non-split upper-triangular 
representations (that are generic enough to he on a single component). 
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While this structure is already (at least to us) very attractive, we expect that the 
picture is both simpler and more structured than what is entailed by the Breuil- 
Mezard conjecture. Specifically, we expect that most components are labeled by 
a single weight, and that in any case, the weights labeling any component are 
related in a very simple way which we describe in the following section; but for 
example, ii K = Qp and a component is labeled by F{ai, ..., a„), then the generic 
representations on the component are of the form 

fxi * *\ 

X2 ■ • ■ * 

\ XnJ 

where Furthermore, if none of the — a^+i are equal to 0 or 

p — 1, then we expect there to be a unique component labeled by this weight (we 
will discuss the case where some — a^+i are equal to 0 or p — 1 in Section EH). 

6.2. Crystalline lifts. We briefly explain what light the geometric perspective 
of Section Q] sheds on the crystalline lifts conjectures of Sectional and on their 
expected failure to extend to the case of non-semisimple representations. 

Let a be a Serre weight, and let A be a lift of a. As explained in Section [O] 
there is a specialisation morphism tt : Xx^tm X, which on points just sends a 
crystalline representation p of weight A to its reduction modulo p. The underlying 
reduced substack of 7r(AA,triv) is a union of irreducible components of X, and the 
geometrisation of the Breuil-Mezard conjecture of [BM141IEG14) strongly suggests 
that these irreducible components should be precisely the ones that have some 
Jordan-Holder factor of La ® IF'p among their labels. 

If the conjectures of Section [5] held for arbitrary (not necessarily semisimple) p, 
then we would be forced to conclude that the Serre weight Fa is a label of each 
of the above components. However, work of Le Hung Viet Bao, Brandon Levin, 
Dan Le and Stefano Morra |LLHLMT5] contradicts this conclusion; instead, their 
calculations indicate that already for n = 3 and K = Qp, if a is in the upper alcove 
and is suitably generic, then the two Jordan-Holder factors Fa, Fb of Lx (g) Fp 
correspond to two components of X, labeled by the single weight Fa (resp. Fb), 
which meet in a codimension one substack. Thus the generic p on the component 
labeled by the weight in the lower alcove do not satisfy the conjectures of Section [5] 
it is only those p which lie in a special position which do so. (The limited evidence 
available in the cases n = 2,3 suggests that it is possible that two components 
labeled by suitably generic weights F, F' meet in codimension i, where i is minimal 
such that ExtQL^(][rp)(L, F') ^ 0, but we do not know if it is reasonable to expect 
this to be true in general.) 

Of course, the most special position is that occupied by semisimple p, which 
agrees (in the case that p is a sum of characters) with the conjectures of Section [S] 
Note also that in general it seems reasonable to expect that any component con¬ 
taining p also contains 'ff^, which is consistent with the folklore belief that the set 
of Serre weights for p should be a subset of those for p®®. 
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7. Explicit weight conjectures in the semisimple case 

Once again assume that is semisimple. The set Wfj.;g(p) is, in general, 
very badly understood: for instance at the time of writing we do not know how 
to prove, in general, that it is non-empty! (Though we do when p is semisimple; 
see Appendix lEl) We would therefore like to have a version of the weight part of 
Serre’s conjecture that is more explicit than conjectures we have already described, 
such as Conjecture 15.1.71 in terms of crystalline lifts. 

In Sections O and O we construct various sets of weights that we have good 
reason (e.g. as a consequence of the generalised Breuil-Mezard conjecture) to believe 
are contained in W^j.;g(p). On the other hand there is no reason to think that in 
general any of these sets are actually equal to W^j.;g(p); to the contrary, we explain 
in Example 17.2.91 and Section 17.41 why we believe that this should not be the case. 
These examples illustrate the difficulty in making a general explicit conjecture. 

However, we do expect that at least for generic p and unramified K/Qp, the 
set C(Wobv(p)) defined below in Section 17?^ is equal to Wpj.jg(p), motivated by a 
comparison with the conjectures of |Her09] ; this will be explained in Section m 

7.1. Obvious lifts. Recall from Section [5] that if f : Gp GL„(Fp) is auto- 
morphic, one may hope that the set W^(r) depends only on We do not 

understand this as well as we would like; for instance, it appears to be somewhat 
more than can be deduced easily from the Breuil-Mezard formalism, because even 
in the case of GL 2 (Qp), the quantities /ra(p) do not depend only on 'p\i^^ (see 
[Sanl41 Thm. 1]). However, since p-adic Hodge theoretic conditions are fundamen¬ 
tally conditions about ramification, it is not unreasonable to imagine that the set 
^cris (^1 ) depends exclusively on f\ip^ and not on the image of Frob„ under f. 

For instance this is known to be true when n = 2 and p > 2 by |GLS151 Prop. 6.3.1]. 

To make Conjecture 15.1.71 explicit, one can imagine trying to exhibit specihc 
elements of W^,.;g(p) by constructing crystalline lifts of p of various Hodge types, for 
instance by taking sums p' of inductions of crystalline characters. This is essentially 
what we will do; however, an immediate flaw with this plan is that for such p' one 
has limited control over the image of Frobic under p', and in particular one may 
not be able to match the image of Frobic under p. (This will however be possible 
in generic situations.) Guided by the expectation that W^,.is(p) should depend only 
on p|/ft-, we will be satisfied with constructing certain crystalline representations p' 
(that we call obvious lifts of p) with the property that = p|/k- In particular 
we caution that an obvious lift of p need not literally be a lift of p. When an obvious 
lift p' of p has Hodge type Aa, with Aa a lift of a Serre weight a, we will call a an 
obvious weight of p. 

We now set up some basic results about crystalline characters. For each integer 
n > 1, let Kn be the unique extension of K inside K which is unramified of degree 
n. We denote the residue field of Kn by kn- Given a character y : Gk^ —>■ , we 
dehne a character yG) by 

= x(Frob^ -g ■ Frob^’'). 

Note that this character does not depend on the choice of Frobic. The following 
lemma is elementary (see also Lemma l9.3.2l iiil for a generalisation). 

Lemma 7.1.1. //y : Gx-n is crystalline, then so is yG) and for any n' € Sk„. 

we have HT.,(y(G) = HT^,,p^^j,-.(y). 
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Recall from Lemma 15.1.61 that : Gk —t denotes a crystalline character 
such that for each k G Sk we have HTk(- 0^) = A^, and that this character is 
uniquely determined up to unramified twists. 

Corollary 7.1.2. Let K = {^K'}K'^SKn ® collection of integers. The represen¬ 

tation := Indg^ Zp('0^’*) is crystalline, and for each k G Sk we have 

HTk(pa ) = {Ak' : k' € Sk„ sueh that k!\k = «} ■ 

Moreover we have 

n-l / 

Pa l/x = 0 I n 

i=0 \a^Sk. 

where ba = 9 = #k. 

Proof. If p is a Hodge-Tate representation of Gk and L is a finite extension of 
K, then gr“*(iAHT(p|Gi,)) = gr“*(iAHT(p)) L. From this we deduce that if 
k' G Sl then HTk'(p|gl) = h'\k{p)- Applying this statement for L = iL„, 

the Corollary now follows from Lemma 17.1.11 the fact that IndS^ )l ^K-n — 
®r=o and (for the first part of the statement) the fact that the property of 

being crystalline only depends on the restriction to inertia. The formula for |/k 
follows from Lemma l5.1.6l iiL □ 

Definition 7.1.3. Suppose that pj/^ is semisimple. We define an obvious lift of 
p to be a representation of the form p' = p^^ © • • • © p^^ (for some partition 
ni + • • • + nd = n of n) such that p'l/^ — VIik- 

We dehne Wobv(p) to be the set of Serre weights a such that p has an obvious 
lift p' of Hodge type A for some lift A of a. (In this case we say that the lift p' 
witnesses the obvious weight a.) 

It is essential in this definition that we have required p^l/^ = pj/^ rather than 
p' = p: as we will see in ExamDle l7.1.9l making the latter definition would sometimes 
have produced a different (too small) set of weights. We note that if p has an obvious 
lift of some Hodge type lifting the Serre weight a, then it has a lift of any Hodge 
type lifting a: this follows from Corollary 17.1.21 (specifically, the fact that Pa Uk 
only depends on the multisets {Ak' : k' G Sk,, lifting a G Sk,,}) and an argument 
as in the paragraph following Definition l5.1.5l 

Remark 7.1.4. The set Wobv(p) is always non-empty. This is not at all immediate 
from the definitions, and unfortunately the only proof we have been able to find 
proceeds via a direct and somewhat painful combinatorial argument; for this reason 
we have deferred the proof to Appendix |B] 

Since we expect that the possible Hodge types of the crystalline lifts of p depend 
only on p|/^, we make the following conjecture. 

Conjecture 7.1.5. We have Wobv(p) C WAs(p)- 

We consider several illustrative examples. 

Example 7.1.6. When n = 1, any obvious lift of p is an unramified twist of a genuine 
crystalline lift of p, from which it follows that Wobv(p) = W^j.;g(p) = W^j.;g(p). 
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Example 7.1.7 (Comparison with Schein’s conjecture). We determine the obvious 
weights of a representation p : Gk GL 2 (Fp) such that p|/^ is semisimple. Let e 
be the absolute ramification index of K. The weight part of Serre’s conjecture has 
been formulated in this context by Schein |Sch08) . 

Suppose first that p is irreducible. Consider a Serre weight a represented by 
{xa,ya)aeSk ^ and let A G be a lift of {xa,ycr)- An obvious lift 

p' of p must be of the form Ind^^^ . Suppose that p' witnesses a. We may 

take p' to have Hodge type A, so that the Hodge-Tate weights Ak' of are as 
follows. For each a G Sk, there is a pair (k^.d ^^, 2 ) of 7^2/7^-conjugate embeddings 
K 2 Qp such that k'^ i, 2 : ^2 Fp extend a, and A^;^ ^ = Xa- + A^^ ^ “ 2/o" 

For the remaining e — 1 pairs {k[,K 2 ) of K 2 /K-con]VLgdA,e embeddings K 2 ^ Qp 
such that K 2 ■ ^2 ^ Fp extend a, we have = {1,0}. Write tri for 

i G S'fca ^od (72 for its fc 2 /A:-conjugate. Let 0 < rua < e — 1 be the number of 
embeddings /c} ^ i with = cti and A^'^^ = 1- Then we see from Corollary 17. 1.21 
that 


p\ik - 


n 


o-eSfc ^cTi 




0 


n. 


0 

Xc + l + mcr 


y„+e-l-m„ 

0-1 


In other words, we have a G Wobv(p) if and only if for each a G Sk 'vre can write 
the elements of Sk^ extending cr as cti , (T 2 so that the above formula holds for some 
choice of integers 0 < rria < e—1. Observe that these are precisely the Serre weights 
predicted for p in |Sch08[ Thm. 2.4]. 

Next suppose that p is reducible, and let a be a Serre weight as in the previous 
paragraph. If pj/^^ is non-scalar then every obvious lift of p must be a sum of two 
characters, but if pj/^^ is scalar then p may also have obvious lifts whose generic 
fibres are irreducible. Consider first the obvious lifts p' of p that have Hodge type 
A (hence witness a) and that are sums of two characters. Say p' = V'a ® i’A' 

A = {Ak} and A' = {A}}. For each a G Sk, there is an embedding G Sk lifting 
cr such that {A^,,, A(,^} = {xa + 1, ya}- For the remaining e — 1 embeddings k G Sk 
extending a, we have {Ak,A(.} = {1,0}. Define J = {cr G S';; : X^.^ = Xa + !}• If 
cr G J we let 0 < rria < e — 1 be the number of embeddings k ^ Ka- extending a such 
that Ak = 1, while if cr ^ J we let 0 < rria < e — 1 be the number of embeddings 
K ^ Ka extending cr such that A], = 1. Then we see from Corollary 17.1.21 that p|/^ 
is isomorphic to 


n 


ctG J 




x^ + l+m^ 


ricr^ J 
0 


w, 


y^+e-l-ma- 


n 


f7^J 


w: 


x^ + l+mc 


aeiJ 


W. 


y„+e-l — m.„ 


In other words the weight a G Wobv (p) is witnessed by an obvious lift whose generic 
fibre is reducible if and only if the above formula holds for some subset J G Sk and 
a choice of integers 0 < rua < e — 1. 

In fact if p|/j^ is scalar, then it turns out that every weight a G Wobv(p) that is 
witnessed by an obvious lift whose generic fibre is irreducible is also witnessed by 
an obvious lift whose generic fibre is reducible, so that the previous paragraph still 
describes the whole set Wobv(p) in this case. This observation is an elementary 
but not necessarily straightforward exercise that we leave to the reader. (One first 
reduces to the case e < p — 1 by noting that if e > p then every weight a whose 
central character is compatible with det(p)|/^ lies in Wobv(p) and is witnessed by an 
obvious lift whose generic fibre is reducible. Alternately, if p > 3 the observation 
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can be deduced from the local results in [GLS15] . specifically Theorem 4.1.6 of 
loc. cit., while for p = 2 one reduces to the case e = 1 as above. But the case 
e = 1 is straightforward: after twisting one may suppose that j/o- = 0 for all a; 
then Tct + 1 G {l,p — l,p} for all cr (see the last paragraph of the proof of |GLS141 
Thm. 10.1] for a more precise statement), and one checks that p|/^ has the above 
shape with J = {a : Xa = 0}.) Observe that these are precisely the Serre weights 
predicted for p in |Sch08[ Thm. 2.5]. 

Example 7.1.8. Consider (a, b, c) G with a — b,b — c> 1 and a — c < p — 2. We 
determine the obvious weights of a representation p : Gq^ —>■ GL 3 (Fp) such that 
= w“©w^©a;'^. Any obvious lift p' must be a sum of characters. In particular 

p' has the form where {x — 2,y — 1, z) G , and {x, y,z} and 

{a, 6, c} reduce to the same subset of Z/(p — 1). It follows that the only possibilities 
for (x, y, z) (up to translation by Z(p — l,p — l,p — 1)) are 

(a, b, c), {b,c,a-p+ 1), (c + p - 1, a, 6), 

(c+ p — 1, &, a — p + 1), (a,c, 6 —p+ 1), (6 + p— l,a,c) 

and therefore 

Wobv(p) = {F{a- 2,6- l,c), F{b- 2,c-l,a-p+l), F(c + p- 3,a - 1,6), 

F(c + p— 3, 6—l,a — p+1), 7^(0 — 2,c—1,6 — p+1), F(6 + p—3,a—l,c)}. 
We see from this example that we cannot expect to have Wobv(p) = W^j.;g(p): 
this is because (at least if p is semisimple) the weights F{c + p — 2, 6 — 1, a — p), 
F(a— 1, c— 1, b—p), and A(6+p—2, a— 1, c— 1) also belong to Wfj.ig(p). We explain 
this for F(c+p—2,6—1, a—p)\ the others are similar. We need to exhibit a lift p' of p 
with Hodge-Tate weights {c+p, 6, a—p}. Since p+1 < 2p— (a—c) < 2p, for example 
by [BerlOl Thm. 3.2.1(3)], we can take p' to be the sum of an unramified twist of 
and an unramified twist of © V where 14 is a suitable crystalline representation 
with irreducible generic fibre and Hodge-Tate weights {2p — (a — c), 0} (one of the 
representations V 2 p+i-(a-c),ap considered in [BerlOj b 

Example 7.1.9. Next, we determine the obvious weights of an unramified repre¬ 
sentation p : Gqp —>■ GL 3 (Fp). The reader can verify that the family of obvious 
lifts ® V'fo’} ® ^Wp+ 1 } witness the weight F{p — 3, —1,—p + 1); the ob¬ 

vious lifts p'^O^pj ® witness the weight F{p — 2,—1,-1); the obvious lifts 
p} ® witness the weight A(p — 2,p — 2,-1); and that these are the 

only weights in Wobv(p) when p > 2. When p = 2, it is easy to check that we 
have Wobv(p) = kk(1^2,3) (so there are four weights in this case). This example 
illustrates two points. First, although p is a sum of characters, there are obvious 
weights of p that cannot be witnessed by sums of characters. Second, we remark 
that many unramified representations p : Gq^, —>■ GL 3 (Fp) do not have literal lifts of 
the form 4’‘fp_i^ ® ® V’p!)p_|_i} (or of the other two shapes above). For instance 

if p : Gqp GL 3 (Fp) has a lift of the form ® ® V'^((p_,_ 3 | then p(FrobQp) 

will be semisimple. Similarly, it may be the case that p®® may not have a literal lift 
of the form p® 0 ^ or p® 0 ^ since possessing such a lift imposes 

restrictions on the eigenvalues of p(FrobQp). 
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7.2. Shadow and obscure weights. Now we would like to address the observa¬ 
tion (from Example 17.1.811 that in general we need not have Wobv(p) = W^j.;g(p). 
To begin to account for this, Conjecture 15 .1. lOl motivates the following definition. 

Definition 7.2.1. If W is a set of Serre weights, we define C(W) to be the smallest 
set of weights with the properties: 
o W C C(W), and 

o if C(W) n JHGL„(fc)(-bA ®'p) 7^ ^ some lift A of the Serre weight a, 
then a G C(W). 

For instance. Conjecture 15. 1.101 asserts that we should have Wfj.;g(p) = C(W^j.;g(p)). 

Example 7.2.2. Return to the case of GL 3 over Qp. If F{x,y,z) is a Serre weight 
such that C{{F{x, y, z)}) 3 {F{x, y, z)}, then x — z < p — 2 and C{{F{x, y, z)}) = 
{F{x, y, z),F{z+p — 2, j/, a; — p-|- 2)}. Indeed, ifa; — z<p—2 then by Proposition 
3.18 of [HerOQ] there is a short exact sequence 

0 —>■ E(A) —>■ L\ F[x, y, z) —>■ 0 

where A = (z -I-p — 2, y, a: — p -I- 2), so that F{X) € C{{F{x, y, z)}), and these give 
all the instances of reducible L\ (g)^ with A G . 

For instance, in the setting of Example l7.1.8l we see that F{c+p — 2,b—l,a—p) G 
C{{F{a — 2,6 — 1, c)}), that F{a — 1, c — 1, 6 — p) G C{{F(b — 2,c — l,a — p-|- 1)}), 
and that F{b + p — 2,a — l,c — 1) G C{{F{c + p — 3,a — 1, &)}). In fact one can 
check in this setting that C(Wobv(p)) is precisely Wobv(p) together with these three 
extra weights. (We note that this same prediction can be found in the discussion 
immediately following |ADPn21 Def. 3.5].) 

If one believes Conjecture 15.1.101 then one might hope that also C(Wobv(p)) = 
W^ris(p)j indeed we will show in Section [10] that this is a reasonable expectation 
when K/Qp is unramified and p is sufficiently generic in a precise sense. However, 
the following generalization of the principle behind Coniecture l5. 1.1(11 will show that 
this cannot be true in all cases. 

Suppose that p|/^ = ■ Gk —>■ GL„^.(Fp) not necessarily 

irreducible. Write rjm = (jn — 1,..., 1, 0) for any m > 1. Let a be a Serre weight, 
and suppose that A is some lift of a. Suppose that (for each 1 < j < r) 
are Hodge types in (Z”^)'^^ such that the A^^ -I- puj for each k are obtained by 
partitioning A^ + rjn into r decreasing subsequences of length rij. (We will say that 
the A^-^^ are an y-partition of a.) If Wfog(p^'^^) fl JHgl„^. (/c)(.b;^o) ^ 

Goniecture 15.1.101 entails that has a crystalline lift of Hodge type The 
direct sum of these lifts would be a crystalline lift of ©jp^^^ of Hodge type A, in 
which case a G Wfog(©jp^-^^). Since we expect that WCTis(p) depends only on p|/^, 
we then also expect to have a G Wfog(p). 

We are thus led to the following definition. 

Definition 7.2.3. Suppose that p|/^ is semisimple. We recursively define Wexpi(p), 
the explicit predicted weights for p, to be the smallest set containing Wobv (p) and 
satisfying the expectation described in the previous paragraph: that is, a G Wexpi(p) 
for any Serre weight a such that there exists a decomposition p\jj^ = ©J^iP^-’^I/k 
and an y-partition X^^^ of a such that WexpKp^'’^) H JHql^.( j.)(L;^o) ®'p) ^ 

for each j. 
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Taking r = 1 in this definition we see that C(Wobv(p)) C Wexpi(p)- We say 
that an element of C(Wobv(p)) \ Wobv(p) is a shadow weight, while an element of 
Wexpi(p) \C(Wobv(p)) is an obscure weight. 

Example 7.2.4. If n < 2 it is easily checked that Wexpi(p) = Wobv(p)- It is shown 
in [GLS151 Thm. 4.1.6] that when n = 2 and p > 2 we have ^^crisip) = 
and that these sets agree with the prediction of Schein |Sch08| . It follows that if 
n = 1 , or n = 2 with p > 2, then Wexpi(p) = Wobv(p) = ^^crisip) = ^crisip)- 

Explicitly, if n = 1, Lemma [5.1.61 implies that a G Wexpi(p) for a Serre weight 
a if and only if = ricreSi. ■ H h. = 2, Example 17.1.71 shows that Wobv(p) 
coincides with the set of weights predicted by Schein [SchOS] . Since Wobv(p) = 
Wexpi(p) in this setting, the claim follows from the above results of |GLS15) . 

Example 7.2.5. The existence of shadow weights in the case of GL 3 over Qp was dis¬ 
cussed in Example l7.2.2l We now classify the obscure weights in this case (showing, 
in particular, that they sometimes exist). We will repeatedly make use of our knowl¬ 
edge of Wexpi(p) for n <2, see Example 17.2.41 Suppose that p : Gq^ —>■ GL 3 (Fp) is 
a representation such that 'P\iq^ is semisimple. 

Since Sym’’ Fp is irreducible as a GL 2 (Fp)-representation for r < p — 1, it is 
straightforward to see that the weight F{x,y,z) can be obscure for p only if we 
have: 

o p\iq^ - with dimp(*) = i, 

o F{y + 1) G Wexpi(p^^^), i-e. and 

O W^expl(p^ fl JHgL 2 (Fp) (I^(a;-|- 1 , 2 ) GZp ®'p) 7^ 

Moreover, as F{x,y,z) is not obvious, the restriction does not have the 

form © uj^ or where Sw ^2 = {o'i,cr 2 }. Hence x — z > 

p — 1. A calculation shows that the irreducible constituents of L(^x+i,z) Gf l^p are 
F{x—p-\-2,,z), F(a: —p+ljZ + l), F{z+p — l,x —p + 2) ifp — 1 < x — z < 2p—2 
(where the second weight is omitted ifx — z = p— 1) and F(z + p — 1, z -\- \) 
(twice), F{z + l,z) if X — z = 2p — 2. Hence is either or 

^©-i-3)-i-p(2-i) ^^^+3)+p{z-i) latter only if x — z ^ 2p — 2). (This is of 

course compatible with |BerlO[ Thm. 3.2.1] computing the reduction of crystalline 
representations with Hodge-Tate weights {x + 2, z}.) 

In the first case, one finds that p|/q = a;^+^©a;^+^©a;^+^. If x —j/, y—z < p—1, 
then F(z+p — 2, y, x —p + 2) is an obvious weight for p, and F{x, y, z) is its shadow 
(so in particular is not obscure). Suppose on the other hand that x — y = p — 1 
ory — z=p—1. Once again F(x, y, z) cannot be a shadow weight (as a shadow 
weight F{x, y, z) always has x — y,y — z <p — 1) but sometimes it is an obvious 
weight. 

The weight F(y + p — 1, y, z) is straightforwardly checked to be obvious precisely 
when p = 2, or else p > 2 and y — z G {0,p — 2}. (When y — z = p — 2 the 
obvious lift is a sum of characters, while wheu y = z the obvious lift has the shape 
P^p+p+i z} ® Thus the weight F(y + p — 1, y, z) is an obscure weight for 

pI/q^ = 0 ;^+^ © © 0 ;^+^ exactly when p > 2 and y — z ^ {0,p — 2}. By 

a similar analysis the weight F(x,y,y — p + 1) is an obscure weight for pI/q^ = 
0 ;^+^ © exactly when p > 2 and x — y ^ {0,p — 2}. 
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Now suppose instead that x — z ^ 2p — 2 and p\i^^ = © 

^0^+3)+p(z-i)^ Ifcc — — z <p—1 then again the weight F{z+p — 2,y, x—p + 2) 

is obvious (the obvious lift has the shape © P^^_p ^2 z+p}) F{x,y,z) is 

its shadow. Suppose on the other hand that a; — ?/=p—lory — z=p—1. Then 
once again F{x,y,z) cannot be a shadow weight, while sometimes it is an obvious 
weight. 

The weight F{y + p — 1, y, z) with y — z ^ p — 1 can be checked to be obvious 
precisely when y — z = p — 2; in this case the obvious lift has the shape © 

P{y+p+i y+ 1 }- (Note that y — z = y—1 is excluded because x — z ^ 2p — 2.) Thus 
the weight F{y + p — 1, y, z) is an obscure weight for © 

precisely when y — z ^ {p — 2,p — 1}. By a similar argument the weight 
F{x, y, y — p + 1) is an obscure weight for 

exactly when x — y ^ {p — 2,p — 1}. This completes our analysis of obscure weights 
for GL 3 (Qp). 

One might optimistically hope that there is an equality Wexpi(p) = Wf,.is(p); for 
example this is known to be the case when n < 2 (except for n = 2 and p = 2) 
thanks to |GLS15| . Unfortunately we do not expect this to be true in general, as 
we will explain in Example 17.2.91 and Example 17.4.51 Furthermore we remark that 
the sets Wpj.jg(p) must also be compatible with other functorial operations, such as 
suitable tensor products and inductions, and it is far from clear whether or not the 
sets Wexpi(p) satisfy these compatibilities. 

On the other hand, in the unramified setting we are prepared to conjecture that 
these two weight sets are equal at least for sufficiently generic p. 

Conjecture 7.2.6. Suppose that K/Qp is unramified and thatf)\ip. is semisimple 
and sufficiently generic. Then Wexpi(p) = W^,,;g(p). 

Conjecture 7.2.7. Suppose that for each v\p, the extension Fy/Qp is unramified 
and f\ip^ is semisimple and sufficiently generic. Then the weight part of Serre’s 
conjecture (Coni. \^.1.5\) holds withWv{f) = Wexpi(i^|Gir„ )■ 

The general definition of “sufficiently generic” will be given in Definition 1 10.1.1 II 
but to give the reader a sense of the meaning of this term, we spell it out in the 
case where p is a direct sum of characters. 

Example 7.2.8. Suppose that K is an unramified extension of Qp and that p is a 
sum of characters, so that p|/j^ = ©"=i OcreSfcintegers Po-.z (very much 
not uniquely defined). Fix 5 > 0. We say that p is J-generic if it is possible to 
choose the integers po-.z such that po-^i — Pcr,z+i > d for all 1 < f < n and all ct, and 
furthermore po-p — Pa,n < p — n — 6. We say that a statement is true for sufficiently 
generic p if there exists <5 > 0 such that the statement is true for all 5-generic p. 

We will prove in Theorem 110.2.121 that Conjecture 17.2.71 agrees with all other 
conjectures in the literature, in particular that of [Her09] (hence our willingness 
to make the conjecture, even though it is stronger than what is entailed by the 
generalised Breuil-Mezard formalism and by Conjecture 15.1.71) . In fact we will 
show in Theorem IIP. 2.121 that for sufficiently generic p|/^ and K/Qp unramified we 
have Wexpi(p) = C(Wobv(p)) (that is, there are no obscure weights), so that in the 
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context of Conjecture 17.2.71 the construction of the set Wexpi(T|GF„) is somewhat 
simplified. 

We stress that for any fixed p the set of weights Wexpi(p) is quite explicit in 
principle, at least for p large: the calculation of Wobv (p) is a combinatorial exercise 
(as in Examples 17.1.81 and 17.1.91) . and then the shadow and obscure weights are 
determined by the Jordan-Holder decompositions of the representations L\ Fp. 
As for the computability of those decompositions, consider first the case k = Fp. 
One needs to decompose GL„-modules L\ Fp with A dominant and ||A|| < Np 
(for some N independent of p, and with || • || as in Definition 13.3.41) into simple 
GL„(Fp)-modules. For p ^ Q, Lusztig’s conjecture allows one to recursively de¬ 
compose L\ 02 Fp into simple GL„-modules when A is p-regular ([JanOSl II. 8 .22], 
[FieI2) 'l. For the remaining A one uses [,Iann31 11.7.17(b)]. For decomposing simple 
GL„-modules as representations of GL„(Fp), see for example |Jan87[ §1.5]. For 
general k one follows the same strategy, replacing GL^, with the algebraic group 
G = Resw(fc)/ZpGL„ and Lx 0 ^ the dual Weyl module IF(A) as defined 

in Sections EHini 

Example 7.2.9. As remarked above, we will show in Theorem IIP.2.121 that for suffi¬ 
ciently generic pj/^^ and K/Qp unramified we have Wexpi(p) = C(Wobv(p))- In this 
example, we show that this statement does not extend to the case where K/Qp is 
ramified. 

Suppose that K/Qp is ramified quadratic and p : Gk —t GL 3 (Fp) is such that 
pj/^ = where a > b > c and a — c < p — 4. We claim that 

F{a, b, c) is an obscure weight of p. 

If we had F{a, 6 , c) S C(Wobv(p)), then F{a, b, c) G Wobv(p), as (a, 6 , c) lies in the 
lowest alcove. As pj/^ is a sum of distinct characters, any obvious crystalline lift of 
p\i^ is a sum of characters. From Lemma lS.l.bl we would get that pj/^ = a;’’©a;®©w* 
with (r, s, t) = (a + 2, 6 + 1, c) + w{2, 1,0) for some permutation w G S 3 . By the 
bounds on (a, b, c) we get a contradiction. 

To show that in fact F{a,b,c) G Wexpi(p), note that we can find p^*^ : Gk —t 
GLi(Fp) (i = 1,2) withp^^^J/F: = andp^^^j/^ = a;“+^©a;'^+^. By Lemma l5.1.6l 
we have F{b + 2) G Wobv(p^^^) and F{a + 2,c) G Wobv(p^^^)- Let Sk = {o-i,cr 2 }. 
We define an p-partition of F{a, 6 , c) as follows: 

A(ti — (a, 5, c), Acr 2 — O 5 

AW = (6+1), AW = (1), 

Ai 2 ) = (a+l,c), At"^) = (l, 0 ). 

Then Lx(i) 0 Fp = F{b + 2) and Lx(. 2 ) 0 Fp = Sym““'^~'’^ Fp 0 Sym^ Fp 0 det"^. 
We see that F{a + 2,c) is a Jordan-Holder factor of Lx( 2 ) 0 Fp, for example by 
Brauer’s formula [,lan03l II.5.8fb')]. (The only other factor is F(a + 1, c+1).) From 
Definition 17. 2. 31 we see that indeed F{a,b,c) G Wexpi(p)- 

7.3. Remarks on the general (non-semisimple) case. Now let us temporarily 
drop our assumption that pj/^ is semisimple, and consider what we might say 
about explicit weights for p. As mentioned in Section 16.21 one expects that the 
Serre weights of p should be a subset of the Serre weights of p®®. However, we 
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hesitate to make any sort of precise conjecture: evidence is scant beyond the two- 
dimensional case, and the limited information that we do possess suggests that 
there are serious complications that arise already in the three-dimensional case. 

We begin with a brief review of the two-dimensional case (for p > 2 and general 
K/Qp) as studied in [GLS15) . It is shown that Wf,,;g(/3) depends only on p\i^ 
f [GLS151 Prop. 6.3.1]), and that ^crisip) = ^crisip) C Suppose now 

that p : Gk GL 2 (Fp) is an extension of characters xi by X 2 - By Example 17.1.71 
any weight a S is witnessed by a sum of characters. Let L(xi,X 2 )a) 

be the subset of H^{Gk,X"2Xi^) obtained by taking the union, over all literal 
lifts i/’i,i/i 2 of Xi:X 2 such that ipi ® 4’2 witnesses a G of the image 

in H^{Gk,X2 Xi^) of i7)(Gif,Zp(V'2V'r^))- Then a G W®g(p) if and only if the 
extension class corresponding to p lies in L(xi,X 2 j«)- 

In fact it is almost always true that if ipi , 'ip 2 as above are chosen so that the 
dimension of Hj{GK,'^p{' 4 ’ 2 i^i^)) is as large as possible, then the image of that 
space in H^(Gk, X 2 Xi^) is actually equal to L(xi) X 2 ) «)• The lone exception occurs 
when X2Xr^ i® i-Te cyclotomic character and a is represented by (xo-, i/o-jo-eSfe with 
— ?/<T = P — 1 for all a £ Sk- In that case, if the ipi as above are chosen so that 
the dimension of Hj{GK,'Zp{ip 2 i^i^)) is as large as possible, then the images of 
the spaces 77^(0^, Zp(A'02'0r^)) cover L(xi,X 2 ja) as A varies over all unramified 
characters with trivial reduction mod p (cf. [GLS151 Thm. 5.4.1, Thm. 6.1.8] and 
their proofs). 

In three dimensions, the situation appears to be considerably more complicated. 
In addition to the discussion of Section [^21 we have the following example. 

Example 7.3.1. Suppose that p : Gq^ —>■ GL 3 (Fp) is such that 

fxi * *\ 

p- X2 * ■ 

V X3/ 

Suppose moreover that xi|/Qp = X 2 |/qp = xsl^ = with integers 

a > b > c > a — {p — 1), where all gaps in the inequalities are at least 3, and 
that p is maximally non-split (i.e. xi i® ttie unique subrepresentation and X 3 the 
unique quotient representation). When the xi sxe fixed, the isomorphism class of 
p is determined by an invariant FL(p) G P^(Fp) \ {X 2 (p)}- In the global setting 
of a suitable compact unitary group the Serre weights of p are almost completely 
determined in |HLM16| : with the possible addition of the shadow weight F{c + p — 
1,6, a — p -I- 1), the set of Serre weights equals 

r{F(a-l,6,c-b 1)} if FL(p) ^ {0, oo}, 

< {F{a — l,b,c+ l),F{b + p — 1, a, c)} if FL(p) = 0, 

|^{F(a — 1, 6, c -I- 1), F(a, c,b — p + 1)} if FL(p) = oo. 

That is, the set of Serre weights consists of one element of Wobv(p’*’*), namely 
the obvious weight coming from the diagonal characters of p in their given order, 
together with a set of shadow weight (s) depending on the parameter FL(p). The 
occasional presence of the weights F{b + p— 1, a, c) and F(a, c,b — p + 1} suggests 
that there is no naive explicit conjecture for non-semisimple p. We make two 
further remarks. First, [HLM16] verify that in this setting there exists an ordinary 
crystalline lift of p that witnesses the containment F{a — l,b,c + 1) G Wpj.is(p). 
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Second, when the maximal non-splitness assumption above is dropped, an upper 
bound on the set of Serre weights of p was obtained by Morra-Park |MP14) . 

7.4. Shifted weights. Recall from Section lHTI that when n = 2 and K = Qp, every 
component of X labeled by 1 is also labeled by Sym^^^F^; equivalently, every p 
with 1 as a Serre weight also has Sym^“^ as a Serre weight. This can be viewed 
as the first instance of the following more general question: for which pairs of Serre 
weights F,F' does F G Wbm(p) imply that one must have F' G Wbm(p) as well? 
In this case we say that the weight F entails the weight F'. 

The geometric perspective explained in Section 16.11 (combined with the Breuil- 
Mezard conjecture) allows a significant reduction to this question. The weight F 
will entail the weight F' if and only if every component of X labeled by F is also 
labeled by F'; to check the latter it suffices to check that every generic Fp-point (of 
some component) that has F as a Serre weight also has F' as a Serre weight. In 
particular, if one believes that the Breuil-Mezard conjecture holds, then one should 
believe that F entails F' for arbitrary p as long as the same holds for maximally 
non-split upper-triangular p (or even those that are sufficiently generic to he on 
just one component of X). 

In the remainder of this section we will discuss the following specific instance of 
the weight entailment question. 

Definition 7.4.1. If a,b are Serre weights, we say that 6 is a shift of a if there 
exists 1 < io < n such that 

_ fp-1 if i <io 

On,i — S .p . 

[0 \f I >lo 

for all a £ Sk- 

Note that this definition only depends on but not on the choice of representa¬ 
tive a G and that we must have aa,io = aa,io+i for all cr G Ffc in order 

for any shift of a to exist. 

Question 7.4.2. If the weight b is a shift of the weight a, does a G Wbm(p) entail 
b G Wbm(p) for representations p : Gk —>■ GL„(Fp)? 

We equally well ask the same question with Wbm(p) replaced by any set that is 
conjecturally the same as it, such as W^ris(p), WCTis(p), or Ws{7>) for any Breuil- 
Mezard system S. 

Remark 7.4.3. This question was suggested to us by the work of Ash-Pollack-Soares 
[APS04j and Doud [Doun7] : the weight sets conjectured for p : Gq^ —>■ GL 3 (F 2 ) in 
[APS041 §2], resp. for irreducible p : Gq^ —GL„(Fp) in [Dou071 Conj. 2.10] are by 
definition closed under shifts (cf. also |Dou071 Def. 2.7]). 

Example 7.4.4. Suppose that n = 2 and p > 2. Twisting by a suitable character, 
Question 17.4.21 when n = 2 can be reduced to the case where a = 0 and b^ = 
(p — 1,0) for all (T G Sk- Since one knows (even if p]/^ is not semisimple) that 
Wbt(p) = W^j.;g(p) = W^j.jg(p) in this setting by the work of |GLS15] . an affirmative 
answer to Question 17.4. 21 for any of these sets is equivalent to the statement that if 
p : Gk —>■ GL 2 (Fp) has a regular Barsotti-Tate lift then it also has a crystalline lift 
with Hodge type some lift of b, which is well known (and can be proved for example 
via the techniques of [GLS15] . or by using the corresponding fact for automorphic 
forms and the potential modularity techniques of [GK141 App. A]). 
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Example 7.4.5. We now give an extended discussion of the case GLa/Qp which 
suggests to us that Question 17.4.21 may have an affirmative answer in this setting 
as well. Computational evidence for this (due to [ADP02[ IAPS041 IDou07] ') will 
be reviewed in Section 18.71 Our discussion will be heuristic; in particular we will 
assume the Breuil-Mezard conjecture, and will extrapolate the labelling of the 
irreducible components of X from the case n = 2 in a speculative fashion. In 
particular, note that for n = 2, the labeling of the irreducible components of X 
is dictated by the restrictions to inertia of the characters of generic reducible p 
on those components, with the subtlety that in the ambiguous case that these 
weights could either be one-dimensional or twists of the Steinberg representation, 
we always predict the twist of the Steinberg representation, and only predict the 
one-dimensional representation in the case that (twists of) these generic p admit a 
crystalline lift of Hodge type 0. 

In particular, every component labeled by a one-dimensional weight is also la¬ 
beled by the corresponding twist of the Steinberg representation, and this fact is 
reflected by the fact that a generic reducible representation admitting a crystalline 
lift of Hodge type 0 also necessarily admits one of Hodge type corresponding to the 
Steinberg representation. We will now assume that similar considerations apply for 
n = 3, and see what is implied. 

We first suppose that is semisimple and observe that the set Wexpi(p) 

described in Section O is not necessarily closed under shifts, so that a positive 
answer to Question l7.4.2l means that Wexpi(p) is at best a proper subset of WCTis(p). 
We leave it as an exercise to the reader to check the following. If p is reducible, 
then Wexpi(p) is closed under shifts. (Use that weights F{x,y,y) or F{y,y,z) are 
either obvious or obscure.) On the other hand if 




^{y+2)+p(y+l)+p'^z 


with 0 < y - z < p-2 then F{y,y,z) G Wexpi(p) but F(y+p- l,y,z ) ^ We xpi(p) 
(this can be checked by hand, or seen from the tables in Proposition 18. 2. 14ll . and 
dually if 




po 


^y+p{v+^)+p^ (01:+'^) 


with 0 <a;-p<p-2 then F{x,y,y) G Wexpi(p) but F(x,y,y-p+l) ^ Wexpi(p); 
and moreover these are the only shifts missing from Wexpi(p) for irreducible p. (It 
is perhaps worth remarking that neither shifts nor obscure weights alone would 
account for the difference between C(Wobv(p)) and the full set of weights, see Ex¬ 
ample [7231) 

Let us now consider the weight entailment problem for weights of the form F = 
F{y, y, z) and F' = F{y+p—l, y, z); the case of F{x, y, y) and F{x, y, y—p+1) will be 
dual. Recall (e.g. from Example 17. 2. 21) that L\ 0^ IFp = F{X) for both A = (p, j/, z) 
and \ = {y p — \,y, z), so that we expect that F[y, y, z) (resp. F{y + p — l,y, z)) 
is a weight for p if and only if p has a crystalline lift of Hodge type {y, y, z) (resp. 
{y +p— l,y, z)). Suppose that a component Z of X has F{y, y, z) among its labels, 
so that a generic Fp-point on Z corresponds to p that has a crystalline lift of Hodge 
type {y, y, z). We wish to know whether p also has a crystalline lift of Hodge type 
{y + p- l,y,z). 
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li y — z < p — i, Fontaine-Laffaille theory implies that a generic Fp-point on Z 
corresponds to p having the shape 

lujy+^ * 

(7.4.6) 

The same conclusion seems likely to hold li y — z = p — 2: argument as in 

[GLS141 Prop. 7.8] shows at least that p has the same semisimplification as the 
representation (17.4.611 . and it seems quite plausible that the order of the characters 
on the diagonal will be correct. Suppose this is so. 

Let Xi,X2)X3 be the characters on the diagonal of p (in the same order as 
given in (17.4.61) '). Then as long as none of Xi/Xj with i < j are cyclotomic it is 
straightforward to show that a crystalline lift of p with Hodge type {y+p—l,y,z) 
exists. One can even take this lift to be upper-triangular; see for example [GG12I 
Lem. 3.1.5]. Even if some XilXj is cyclotomic, it is reasonable to imagine that the 
same conclusion holds; e.g. when y — z < p — 3 this is immediate from [GHLS151 
Cor. 2.3.5]. 

Alternately, it is plausible that any p having the shape (|7.4.6|1 and having a 
crystalline lift of Hodge type (j/, y, z) has an ordinary such lift, with characters 
down the diagonal having Hodge-Tate weights y -|- 2, y -I- 1, z (in that order); cf. 
the first remark at the end of Example 17.3.11 as well as the discussion of the case 
n = 2 and K /Qp arbitrary in Section 17.31 Write this lift as an extension of a two- 
dimensional crystalline representation V (with Hodge-Tate weights {y -I- 1, z}) by 
a character W. One may then hope to produce the desired lift of p of Hodge type 
(y -I- p — 1, y, z) by considering extensions of V by unramified twists of IT 0 

We remark that the above arguments are agnostic regarding the case y—z = p—1. 
However, it is at least the case for pj/^j semisimple that the set Wexpi(p) contains 
Fiu + P “ Ij 2/: 2/ ~ P + 1) whenever it contains F{y + p — 1, y, y). 

When n > 3 the heuristic arguments in Example 17.4.51 at least make it plausible 
that Question l7.4.2l has an affirmative answer for shifts of weights F = F{ai,an) 
with oi — a„ small (e.g. when oi — a„ < p — n, so that Fontaine-Laffaille theory 
still determines the shape of pj/Q^ for p corresponding to a generic Fp-point on a 
component of X labeled by F). 

7.5. Summary. We briefly summarize the Serre weight conjectures that we have 
explained in this section. 

Definition 7.5.1. Let p : Gk —>■ GL„(Fp) be a representation. 

o If the generalised Breuil-Mezard conjecture holds, we define Wbm(p) to 
be the set of Serre weights a such that Po(p) > 0. 
o We dehne W^j.;g(p) to be the set of Serre weights a such that p has a 
crystalline lift of Hodge type Aq for some lift Xa of a. 
o We dehne W^j.;g(p) to be the set of Serre weights a such that p has a 
crystalline lift of Hodge type Aq for every lift Aq of a. 
o If pj/j^ is semisimple, we dehne a non-empty set of obvious weights Wobv(p) 
in Dehnition l7.1.31 and a set of explicit weights Wexpi(p) A C(Wobv(p)) in 
Dehnition 17.2.31 

Conjecture 7.5.2. Let p : Gk —t GL„(Fp) be a representation. Assume thafplij^ 
is semisimple. 
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(i) We have C(Wfris(p)) = 

(ii) The seis W^j.jg(p) and depend only onp|/,^, as does Wbm{7>) 

is defined {i.e. if the generalised Breuil-Mezard conjecture holds). 

(iii) We have Wexpi(p) C = W^^i,(p). 

(iv) If the generalised Breuil-Mezard conjecture holds then Wbm(p) = W^^;g(p). 

(v) If K/Qp is unramified, and flip, is sufficiently generic, then Wf,,;g(p) = 
Wexpl(p) =C(Wobv(p)). 

Conjecture 7.5.3. If each r\jp^ is semisimple, then the weight part of Serre’s 
conjecture (Coni. \2. 1. 51) holds with Wv{f) = Wfj.;g(f|GF^ )• 

Finally (assuming again that is semisimple), we recall that W^j.;g(p) C 

Wpris(p) by definition; that if the generalised Breuil-Mezard conjecture holds then 
we have Wbm(p) C Wpj.;g(p) = Wp,.ig(p) (cf. Lemma [5.1.31) : and that if the set 
Wpris(p) depends only on , then Wobv (p) C W^bs(p) similarly for . 

8. Existing conjectures in the literature 

In this section we review the theoretical and computational evidence for our 
conjectures, beyond the case n = 2 which was discussed in detail above. We also 
make comparisons with other conjectures in the literature. 

8.1. The case of GL 3 (Qp). Take K = Qp and fix an odd and irreducible repre¬ 
sentation f : Gq —>■ GL„(Fp) such that f\i^ is semisimple. The first Serre weight 
conjectures in this context were made by Ash, Bond, Pollack, and Sinnott |AS00) . 
[ADP02) . We will discuss their work in Section [ 8 A] below. Later in the paper (Sec- 
tionlTU]), we will show that Coniecture l7.2.7l agrees with the Serre weight conjecture 
made by the second author in [HerOQ] . (In fact we will ultimately work in a some¬ 
what more general context than this.) Recall, however, that in Coniecture l7.2.7l the 
representation is assumed to be sufficiently generic. In this next section we 
will check that in the 3-dimensional case the conjecture of |Her09] agrees completely 
with the explicit set of weights described in the previous section. 

8.2. The conjecture of [HerOQj for GL 3 over Qp. Recall that |Her091 Conj. 6.9] 
predicts the set of regular Serre weights for which a given irreducible, odd repre¬ 
sentation f : Gq —^ GL„(Fp) is automorphic. Regular Serre weights are defined as 
follows 3 

Definition 8.2.1. A weight a G W(fc, n) is said to be regular if — Oo-.i+i < p— 1 
for all a,i, and irregular otherwise. Let Wreg C W{k,n) be the set of regular 
weights. 

The set of Serre weights predicted in [Her09) is denoted W^(r|/,g^), so we want 
to check that W'(p|/Qp) = Wexpi(p) H Wreg for a local representation p : Gq^ —>■ 
GL 3 (Fp) such that p\iq^ is semisimple. To describe the set W’(p|/q^), we begin 
with the following definitions. 

Definition 8.2.2. Suppose that {w,p,) S S'„ x Z". Let w = wi ■ ■ ■ Wm be the 
unique decomposition of the permutation w into disjoint cycles (including trivial 
cycles), and write p, = (pi,..., /i„). 

^We caution the reader that the term regular as applied to Serre weights is unrelated to the 
term regular as applied to Hodge-Tate weights in Section 1 1.91 
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(i) If Wi = {co ■ ■ ■ Cdi-i) we set ^ write h = , and define 

Tdi(wi,fi) to be the isomorphism class of the inertial Galois representation 

of dimension di. 

(ii) We define t{w,^) to be the isomorphism class of the inertial Galois repre¬ 
sentation iTdi (rci,/i) of dimension n. 

(hi) We say that the pair {w,fi) is good if for all 1 < f < m and for all d \ di, 
d^ di we have — 1)W ^ 0 (mod — 1). 

It is straightforward to verify that these definitions do not depend on any of the 
choices involved. 

Remark 8.2.3. The above definitions are concrete instances of the more general 
and more canonical [Her091 (6.15)] and [Her091 Def. 6.19]. We will recall this more 
canonical definition, and extend it to other groups, in Proposition 19.2.21 

If pJ/q^ = t{w,p), the condition that the pair {w,p) is good means, concretely, 
that the dimensions of the Jordan-Holder factors of p correspond to the cycle type 
of w. 

Example 8.2.4. Suppose that w is the transposition swapping i and j. Then the 
pair (w, p) is good if and only if p -|- 1 f +PP-j, or equivalently p -I- I f p^ — pj. In 
particular this is always the case if Jj — *] = 1 and p = A-|-(n—I,...,I,0) where 
A is the lift of a Serre weight. 

Example 8.2.5. Suppose that n = 3 and w = {ij k) is a 3-cycle. If p = A -I- (2,1, 0) 
where A represents a regular Serre weight, it is a straightforward exercise to verify 
that the pair (w, p) is always good. 

Suppose for the remainder of this section that n = 3, so that Wreg refers to the 
regular weights in W(Fp, 3), and write p = (2,1, 0). 

Definition 8.2.6. We define ATreg C to be the set of triples such that a>b>c 
and a — b,b — c < p — 2. Note that X^eg/^ — Wreg. 

If (x,y,z) G 1?, let T:eg{x,y, z) be the unique element of Wreg represented by 
some {x',y',z') G Xreg with {x',y',z') = {x,y,z) modulo (p — I)Z^. 

Definition 8.2.7. Following |Her091 Prop. 3.18] (see also Example l7.2.2|) . we define 
the function (from weights to sets of weights) 

^ '\ix-z>p- 2 , 
\{F{x,y,z), F{z+p-2,y,x-p + 2)} \ix-z<p-2. 

Following [HerOQl Def. 7.3] we set A{y) = r(reg(p — p)) for each p G Note 

that if F G Wreg then r{F) C Wreg, and so Al(p) C Wreg for any p G 

The set W’(pj/^,^) in [Her09] is defined in terms of a Deligne-Lusztig representa¬ 
tion associated to pJ/q^ . In the three-dimensional case we have the following explicit 
description of this set, which is all we will need for the purposes of this section. 

Proposition 8.2.8. ( |Her091 Prop. 7.4]) Let p : —>■ GL 3 (Fp) be a representa¬ 

tion such that pJ/qp is semisimple. Set 

Z Q N 

c(pI/qJ = {p G X] : there exists w £ S 3 with {w,ij) good and pJ/q^ = r(u',p)}. 
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Then 

W-(p|/«J= U A{t^). 

Example 8.2.9. Suppose that p\iq^ is unramified. Then Wexpi(p) consists of the four 
weights F(p- 3^,-p-K0^(p- 2,-1,-1), F{p-2,p-2,-l), F{p-2,-l,-p) 
by Examples 17.1.91 and 17.2.51 On the other hand, C(p|/^^) consists of all /i G 

n (p - 1)Z^, and reg(p - rj) = F{p - 3,-1,-p + 1) for all p G C(p|/q^). 
We therefore have W-(p|/^^) = {F(p— 3,—1,—p+ 1)}. Hence we confirm that 
) = Wexpi(p)nWreg, sincc the other three weights in Wexpi(p) are irregular. 

We can now prove the main result of this section. 

Proposition 8.2.10. Lefp : Gq^ —?> GL 3 (Fp) be a representation such thafpl^^ 
is semisimple. Then we have Wexpi(p) O Wreg = W’(p| 7 ,j^). 

Remark 8.2.11. In Proposition 18.2.141 we will describe the irregular weights in 
Wexpl(p)- 

Proof. Note that obscure weights for GLg/Qp were analysed completely in Ex¬ 
ample [7231 and were all found to be irregular, so that Wexpi(p) O Wreg consists 
entirely of obvious and shadow weights. It is then easy to see from the definition 
of Wexpi(p) (or alternatively from Proposition 19.3.71 in the next section), together 
with the discussion of Examples 17.2.21 that 

Wexpl(p)nWreg= (J Aip) 

where 

C'(p|/Qp) = {m G + V ■ there exists w G S 3 with ^ T{w,p,)}. 

To show the inclusion “c” in the Proposition, we have to consider /i G Weg + 
such that there exists w G S 3 with (w,/i) not good and 'P\iq^ = t(w,pl). By 
Examples 18.2.41 and 18 .2.5 1 this only happens when w = {13), p = {a, b, a—p— 1). The 
condition p G X^eg+r] forces 2 < a—b < p—l. Then t{w, p) = and 

so t{w, p) = t(1, p') with p' = {a — l,b,a — p). Since (1, p') is good and p' G X) , 
we have p' G C{p\^^). Directly from Definition 18.2.71 one calculates that A{p) = 
{F{a —2, b—1, a—p—l)} and A{p') = {E(a —3, 6—1, a—p), F(a —2, 6—1, a—p—1)}. 
In particular .4(p) C A{p') C W’(p|/,g ), as required. 

For the reverse inclusion, one must consider p G X); ’ \ (X)eg + p) such that 
there exists w G S 3 with (w,p) good and pI/q^, — t{w,p). There are three cases. 
First, if p = {a, a, a), then ic = 1 and pI/q^ is a sum of three copies of a;“. After 
a twist we can reduce to the unramified case, which we have already considered in 
Example l8.2.9l (Alternately, just note that p' = (a +p — 1, a, a — p + 1) G X^el + p 
with r(l,p') = r(l,p) and A{p') = A{p).) 

Second, suppose p = (a, a, c) with 0<a — c<p — 1, so that A{p) = {F{a + 
p — 3, a — 1, c)}. Without loss of generality we may assume w G {1,(1 3), (1 2 3)} 
(note that the pair ((12),p) is not good). For each of these three possibilities 
it is easy to check that there exists w' G S 3 such that t{w,p) = t{w',p') and 
p' G {(a + p — 1, a, c), (c + p, a, a — 1)} C Xreg + p', for instance if w = (1 2 3) we 
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take w' = (13 2) and = (c + p,a, a — 1). In particular fi' S and either 

A{p) = A{p,') (if p' = {a+p — l,a,c)) or A{p,) C A{p,') (if p' = (c + p,a,a — 1)), 

as required. 

Finally, if ^ = (a, c, c) with 0<a — c<p—1 then we can reduce to the previous 
case by duality using the following lemma, valid for GL„ (cf. [HerOQl Prop. 6.23(ii)]), 
whose proof is straightforward. □ 

Lemma 8.2.12. We have Wexpi(p^) = {1^^ ® det^“" : F G Wexpi(p)}- 

We now describe the irregular weights in Wexpi(p)- As a preliminary, we observe 
that the possibilities for pI/q^ are given by the following alternatives. 

Lemma 8.2.13. Suppose that r : —?> GL 3 (Fp) is semisimple and extends to a 

representation of Gq^ . Then precisely one of the following alternatives holds: 

(i) T = r(l, (a, b, c)) where a > b > c and a — c < p — 1 , 

(ii) T = r((2 3), (a, b, c)) where a > b > c and a — c < p — 1, 

(hi) T = r((l 2 3), (a, b, c)) where a > b> c and a — c < p, 

(iv) = t((1 2 3), (a, b, c)) where a > b > c and a — c < p. 

Moreover, in (i) the triple (a, b, c) is unique up to the equivalence relation generated 
by (a,b,c) ^ (c + p — l,a,b); in (ii) the triple {a,b,c) is unique up to translation 
by (p — l,p — l,p — 1)Z; in (Hi) and (iv), the triple (a,b,c) is unique up to the 
equivalence relation generated by (a, b,c) ^ {c + p,a — l,b). 

Proof. Parts (iii) and (iv) follow from |EGH131 Lem. 5.2.2]. The rest of the proof 
is left to the reader. □ 

Proposition 8.2.14. Let p : Gq^ —>■ GL 3 (Fp) be a representation such that 'p\i^ 
is semisimple. Then the weights in Wexpi(p) \ Wreg are described as follows. 

(i) Suppose that pI/q^ is as in Lemma \8.2.13\f i}. The set Wexpi(p) \ Wreg 
consists of the weights — rf) for triples p as in the second column of 
the following table, under the conditions as in the first column. 


condition 

P 

a — 6=1, 5—c^O 

(6 + p,6, c) 

o — 6=1, 6—c<l 

(6 + p,6,c-p+ 1) 

6 — c=l, a — c ^ p — 1 

(c + p, c, o — p + 1) 

6 — c=l, a — c> p — 2 

(c + p, c, o — 2p + 2) 

a — c = p — 2, a — b 0 

(o + p, o, 6) 

a — c = p — 2, a — b < 1 

(o + p, o, 6 — p + 1) 

6 — c=l, a — b 0 

(o,6,6-p) 

6 — c=l, a — 6<1 

(o+p- 1,6,6-p) 

a — 6=1, a — c ^ p — 1 

(c + p- 1 , 0 , o-p) 

0 — 6=1, a — c > p — 2 

(c + 2p — 2, o, o — p) 

a — c = p — 2, 6 — c^O 

(6,c,c-p) 

a — c = p — 2, b — c < 1 

(6 + p- l,c,c-p) 

0 — 6 = 0 

(6 + p, 6, c - 1), (c + p, o, o - p) 

6 — c = 0 

(c + p, c, o - p), (o + 1,6,6 - p) 

o — c = p — 1 

(o + p, o, 6 - 1), (6 + 1, c, c - p) 
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(ii) Suppose that is as in Lemma \8.2.1SV ii). The set Wexpi(p) \ Wreg 
consists of the weights F{pt — rj) for triples p as in the second column of 
the following table, under the conditions as in the first column. 


condition 

P 

b — c = 1 , a — c ^ p — 1 

(c + p, c, a — p + 1 ) 

a — b = 1 

(b + p,b, c) 

a — c = 2 

(c + p + l,c+ l,b - p) 

a — b = 0 

(b + p,b,c- 1 ), (c + p,a,a- p) 

b — c = 1 , a — 67^0 

{a,b,b-p) 

a — c = p — 2 

( 6 , c,c-p) 

a — b = p — 3 

(c + p,5- 1,5-p- 1 ) 

a — c = p — 1 

(6 + l,c,c-p), (a+p,a, 6 -l) 


(iii) Suppose that pI/q^ is as in Lemma \8.2.13\f iii ). The set Wexpi(p) \ Wreg 
consists of the weights F(fj, — vf) for triples p, as in the second column of 
the following table, under the conditions as in the first column. 


condition 

P 

0 — 6 = 2 

(c + p, 0 — 1 ,0 — p — 1) 

0 — 6 = 1, 0 — Cffl 

(c + p+ 1 , 0 — 1,0 — p — 1) 

0 — c = p — 1 

(6+ l,c,c-p) 

a — c = p, 6 — cffp-1 

(6 + 2,c,c-p) 

6 — c = 1 

{a,b,b-p) 

6—c = 0 , a — b p 

(0 + 1,6,6 — p) 


Remark 8.2.15. Suppose that p\iq^ is as in Lemma [8.2.131 ^1. The description of 
set Wexpi(p) \ Wreg Can be extracted from Proposition I8.2.14l iiii by duality using 
Lemma 18.2.121 

Also, we remind the reader that in part (iii), the list of weights given here does 
not include the shifted weights described at the beginning of Example 17.4.51 

Proof. Note that if F{x,y,z) is a weight with x — z < p — 2, then the weight 
F{z + p — 2,y,x — p + 2) as in Example 17.2.21 is regular, so that all the weights in 
these tables must either be obvious or obscure. The obscure weights are analyzed 
in Example 17.2.51 and are listed in the final three rows of the table in (i), and the 
second half of rows 4 and 8 of the table in (ii). (These rows also contain some 
obvious weights.) 

Suppose, then, that the irregular weight F ((6 + p, b, c) — rj) lies in Wobv(p), with 
0 < b — c < p. It follows from the definitions that p|/^J^ = t{w, {b + p, b, c)) for 
some w € S 3 . Eor each w one then expresses p|/q^ in the form of Lemma [8.2.131 
(in all possible ways) to generate the lines of the above tables containing triples of 
the form p = (pi, p 2 , ps) in the second column with pi — p 2 = P (relabelling as 
necessary, as well as keeping in mind the equivalence relations in Lemma 18.2.131) . 
Eor example, if p > 2 then rewriting t(1, (6 +p, 6 , c)) as r(l, (6 + 1,5, c)) when 
0 < b — c < p — 2 and as r(l, (6 + 1 , 6 , c + p — 1 )) when p—l<b—c<p gives 
the first two lines of the table in (i); then the next four lines come from the first 
two lines via the equivalence relation of Lemma 18.2.131 We leave the rest of the 
details as an exercise for the reader (for which we suggest considering the case p = 2 
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separately, at least in the cases when p is reducible). Dualising using Lemnia r8.2.12l 
we obtain a similar list for for the weight F((a, b,b — p) — p). □ 

8.3. The results of [EGH13] . The paper [EGH13] considers the weight part of 

Serre’s conjecture for Galois representations f : Gf —>■ GL 3 (Fp), where F is a 
totally real field in which p splits completely, and r\GF„ is irreducible for each 
v\p. The main results are proved with respect to some abstract axioms, which are 
in particular satisfied for the cohomology of forms of U(3) which are compact at 
infinity, and show that if each satisfies a mild genericity condition, then the 

set of weights in which f is automorphic contains the set of weights predicted by 
the conjecture of [Her09| . and that any other weight for which f is automorphic is 
non-generic. (Here a weight is generic if it is sufficiently far away from the walls 
of any alcove. As with the definition of genericity for a Galois representation, this 
will be made precise in Section [TUI below. 1 

In the light of the discussion of Section lSHl these results are completely consistent 
with our conjectures. 

8.4. The conjecture of Ash, Doud, Pollack, and Sinnott for GL„ over Qp. 

Let f : Gq —>■ GL„(Fp) be odd and irreducible. The first Serre weight conjectures 
for such f with n > 2 were made by Ash, Doud, Pollack, and Sinnott [ASOOj . 
[ADP02) . When n = 3 a detailed comparison between their conjecture and the 
conjecture of [Her09) can be found in ibid., §7. The purpose of this section is to 
note the following result. 

Proposition 8.4.1. Let r be as above and suppose that r|/^, is semisimple and 
sufficiently generic. Then the Serre weights predicted in [ADP021 Conj. 3.1] are a 
subset 0/Wexpl(r|GQj- 

For the term “sufficiently generic” we once again refer the reader to Defini¬ 
tion [1011111] (but see also Example 17.2.81 for the case when is a sum of char¬ 
acters). 

Remark 8.4.2. It turns out that the subset of Serre weights predicted in |ADP021 
Conj. 3.1] consists of a mix of some (but not all) obvious weights for and 

some (but very far from all) shadow weights. In any case we stress that |ADP02| 
do not claim to predict the full set of weights for f. 

Since the proof of Proposition 18.4.11 will make use of terminology and results 
from Sections IMIOl and since we defer the proof until Section 110.41 (We may safely 
do so because nothing in the paper depends logically on Proposition 18.4. Il l 

We make two further remarks. First, |ADP02) still give a conjectural set of 
Serre weights even when r\i^^ is not semisimple, a context in which we do not 
make an explicit prediction; we have no heuristic by which to predict whether or 
not all the Serre weights conjectured by [ADP02j in this context are indeed weights 
of r. Second, we note that when is irreducible, Doud [Dou07[ Conj. 2.10] 

predicts precisely the set Wobv(T|GQj,) together with all weight shifts as described 
in Section iTTl 

8.5. The results of [BLGGl^ . The article |BLGG14] applies the machinery of 
the paper [BLGGTT^ to the problem of the weight part of Serre’s conjecture for 
unitary groups over CM fields. As explained in Section [4] a lack of general results 
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on the potential diagonalisability of crystalline representations limits the scope 
for proving general comprehensive results. However, under mild conditions the 
paper shows that when n = 3, p splits completely in an imaginary CM field F, 
and f : Gf ^ GL 3 (Fp) is such that t|gf„ is semisimple for each v\p, then f is 
automorphic for every obvious predicted weight in the sense of Definition 17.1.31 
above. This is, of course, consistent with our conjectures. 

8 .6. GSp 4 . The paper [HT13a] formulates a version of the weight part of Serre’s 
conjecture for irreducible representations f : Gq —?> GSp 4 (Fp), under the assump¬ 
tion that tIgqp is a sum of characters, and under a mild regularity condition on the 
weights. The formulation follows that of [HerOQj . and is a special case of the more 
general conjectures that we formulate in Sections and ITUl which show that these 
conjectures are also consistent with the philosophy of this paper. 

8.7. Computational evidence. The paper [Tor 12] carried out computations for 
the weight part of Serre’s conjecture (Conj. 12.1.511 in the case that F = Q(i) and 
n = 2. In this setting the Taylor-Wiles method is not available in anything like 
the generality required to make arguments along the lines of those explained in 
Remark 14.2.41 for totally real fields, and so there are no theoretical results on the 
weight part of Serre’s conjecture. However, the computations of [Tor 12] are all con¬ 
sistent with the expectation that the weight part of Serre’s conjecture will behave 
identically in this case, and are thus completely consistent with the conjectures of 
this paper. (It is explained in Section 7 of [Tor 12] that there was one example where 
two expected weights were not found; however Mehmet Haluk §engun has indepen¬ 
dently reproduced the calculations of [Tor 12] in unpublished work, and has found 
complete agreement, except that the two “missing” weights were also obtained.) 

The paper [ADP02j explicitly carries out calculations for the weight part of 
Serre’s conjecture (Gonj. I2.1.5|) for the case F = Q and n = 3. These calculations, 
and some additional calculations that Doud and Pollack carried out at the request 
of the second author, are all consistent with the conjecture of [HerOQj . and thus 
with our conjectures; see Section 8 of [HerOQj for more details of this. 

Remark 8.7.1. In fact, the calculations in [ADP02j would have been consistent with 
Goniectures 15.1.71 and lO. 101 even without the hypothesis that is semisimple. 
To be precise, set F = F{x,y,z) with x — z < p —2, and set F' = F{z + p — 2,y,x — 
p -I- 2); then in the calculations of [ADP02j . one finds that whenever F is a Serre 
weight for some p, so is F'. 

On the other hand, as we have explained in Section 16.21 Gonjectures 15.1.71 
and 15.1.101 are now known to be false if one omits the hypothesis that is 
semisimple. One thus expects that every p with Serre weight F considered by [ADP02j 
happens to lie on the (codimension one) intersection between the two components 
of the stack X labeled by the Serre weights F and F' (cf. the discussion in Sec¬ 
tion [5]); while at the time of writing we do not know for certain that this is the case, 
an examination of the explicit representations considered by [ADP02j suggests that 
they are indeed in a rather special position. 

Since our conjectures cover more weights than those of [HerOQj (namely, the 
weights which are irregular), we now give computational evidence for such weights. 
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8.8. Computational evidence for irregular Serre weights. Consider a rep¬ 
resentation f : Gq —>■ GL3(Fp) that is odd and irreducible, and such that f\i^ is 
semisimple. We now consider irregular Serre weights. 

8.8.1. Examples from [ADP02] . The weight predictions in [ADP02[ Conj. 3.1] are 
ambiguous for irregular weights: ii x = y or y = z (mod p — 1), then their weight 
prediction of F{x, y, z)' means that r occurs in at least one weight F{x', y', z') such 
that {x',y',z') = {x,y,z) (mod {p — 1)Z^) (so there are either two or four such 
weights, the latter precisely when x = y = z (mod p — 1)). 

In [ADP02| there are six examples with tIgq^, of length two (see |ADP02l Table 
10]) and two examples with irreducible (see |ADP02[ §7.2]) where ambiguous 
weight predictions occur. In each case, except for the second entry of |ADP02[ 
Table 10] which lies outside the scope of his program, Doud has checked for us 
that r appears in both weights implied by the ambiguous notation (testing Hecke 
eigenvalues for all I < 47, as in [ADP02j '). This is consistent with our conjecture, 
as all weights in question are obvious. 

8.8.2. Examples from [Dou07| . The paper [Dou07| provided computational evi¬ 
dence for several f with occurring in irregular weights. Recall that for such r 

his predicted weight set is obtained by adjoining all weight shifts to Wexp^Tjc^^). 
In most of his examples the irregular weights are obvious for ; see Section [8.8.4l 
below for the remaining cases. 

8.8.3. Obscure weights. Consider the irreducible polynomial f{x) = x‘^ — x^ + 5x'^ — 
4a; -I- 3 over Q with Galois group A 4 , as in [ADP021 Ex. 5.4]. By taking the 
unique 3-dimensional irreducible representation of A 4 over F13, we obtain a Ga¬ 
lois representation f as above with = r(l, (6, 6, 0)). We have WexpKuJcQp) = 
{E(16,5,0), F(16,11,6), F(22,17,6), F(17,11,5), F(29,17,11), F(23,17,5)}, wWe 
the last two weights are obscure. Doud could provide for us computational evidence 
that r is automorphic in each of these weights, and showed that it doesn’t occur in 
any other irregular weight F{a, b, c) with a — c ^ {21, 24}. (Note that the central 
character forces a — c = 0 (mod 3).) 

8.8.4. Weight shifts. In the literature we found evidence for shifted weights that are 
not contained in WexpKujGQp) in the following cases. First, when p = 2, [APS041 
Table 3] contains three examples where rl/2 = t((12 3), (1,0,0)) (or its dual). We 
have that WexpKujGQp) = (7^(0,0, 0), F(l, 1,0), E(2,1,0)} (all are obvious), and 
E(l, 0,0) is a shift of F(0,0, 0). In each case [APS04) gives computational evidence 
that f occurs in all four weights. 

Second, when p = 3, [Dou071 §5.3] considers an example in which r\j^ = 
t((1 2 3), (2,0, 0)) (or its dual; these are denoted by to = 2, m = 8 in [Dou07l 
Table 2]). In this case 

Wexpi(rlG^,p) = (7^(1,1,1), 7^(1, 0,0), E(3, 2,0), F(3, 3,1), F(5, 3,1), E(2,1, 0)} 

(all but the last weight being obvious), and F{3, 1,1) is a shift of E(l, 1,1). Doud 
[Dou07j gives computational evidence for all seven weights. (Note that F(3,1,1) is 
missing from [Dou071 Table 2], but Doud confirmed to us that this is just a typo.) 
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9. Unramified groups 

We now explain how to extend the definition of the set of weights Wexpi(p), as 
well as the set of weights W ■ (p) defined in [HerOQ] , to the more general setting of 
unramified groups over Qp. In this section and the next, we will use Tx instead of 
Gk to denote the absolute Galois group of K, to avoid confusion with our notation 
for algebraic groups. 

9.1. L-groups and L-parameters. Let G be a connected reductive group over Zp, 
i.e. a smooth affine algebraic group whose geometric fibres are connected reductive. 
Then G x Qp is unramified (i.e. quasisplit and split over an unramified extension of 
Qp), and conversely every unramified group over Qp arises in this way (by choosing 
a hyperspecial point in the building). Let B be a Borel subgroup of G with Levi 
subgroup T C B, so T is a. maximal torus of G. Note that we have a canonical 
identification of character groups X{T x Qp) = X{T x Fp), which is compatible 
with the Galois action of Lq^ ^ L^p. We sometimes write just X{T) for this Galois 
module and similarly Y{T) for the co-character group Y(T x Qp) = Y(Tx Fp). 
Let W := (X(T)/T')(Qp) = (A^(T)/T)(Fp) denote the Weyl group. Let A = 
A{B,T) C X{T), respectively = A^(i?,T) C Y{T), denote the simple roots 
(respectively coroots) defined by B. Then Tqp naturally acts on the based root 
datum '^o{G, B,T) := (A(r), A, F(T), A'^). Let L C Qp denote the splitting 
held of G, i.e. the hnite unramihed extension of Qp cut out by the Tq^ -action on 
^'o(G,B,T). 

A dual group of G is a quadruple {G, B,T, f^), where G is a split 

connected reductive group over Zp, 13 a Borel of G, T C B a Levi subgroup, 
Xa ■ Qa —^ Ua isomorphisms of algebraic groups (where A{I3,T) is the set of 
simple roots determined by B, and Ua is the root subgroup of a), together with 
an isomorphism (j) : 'i>o{G, B,T) d>o(G, i?, T)'^. This isomorphism induces an 
action of Tq^ on {G,I3,T,{xa}) that factors through Gal(L/Qp), and we dehne 
the L-group ^G := G x Gal(L/Qp), a reductive group over Zp. The Weyl group 
of T is naturally identihed with W via the duality isomorphism. We remark that 
any two pinnings {G,I3,T, {xa}) of G are G(Zp)-conjugate provided that Z{G) is 
connected. (This is equivalent to being simply connected, which we will assume 
in a moment.) We also remark that our definition of the L-group is compatible with 
that of |Kot84| and [BG15| who work with canonical based root data. (The reason 
is that {B,T) and {B,T) are defined over Zp.) 

From now on we suppose the following. 

Hypothesis 9.1.1. Assume that the group is simply connected, that Z{G) 
is connected, and that G has a local twisting element ly, which by definition means 
that rj € X(T)^'^p and {r],a^) = 1 for all a S A. (Twisting elements are defined in 
the same way for groups over number fields in |BG15[ §5.2]; they are a key part of 
the general conjectures made in [BG15| on the association of Galois representations 
to automorphic representations.) 

In the following definitions, A is a topological Zp-algebra, i.e. a Zp-algebra that 
is also a topological ring. 

Definition 9.1.2. An L-parameter is a continuous homomorphism Tq^ —>■ ^G(A) 
that is compatible with the projections to Gal(L/Qp). 
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Definition 9.1.3. An inertial L-parameter is a continuous homomorphism Iq^ —>■ 
G{A) that admits an extension to an L-parameter —>■ ^G{A). 

We say that (inertial) L-parameters pi, p 2 are equivalent if they are G(A)- 
conjugate, and we write pi = p 2 . 

Definition 9.1.4. A Serre weight is an isomorphism class of irreducible Fp-repres- 
entations of G(Fp). (Just as for GL„, we will sometimes abuse terminology and 
refer to an individual irreducible representation as a Serre weight.) 

Given a tamely ramified inertial L-parameter r : —?> G'(Fp) we will define 

below sets of Serre weights W^(t) and Wexpi(T). These generalise respectively 
the construction in |Her09] and the construction in Section [SJ Our main result, 
Theorem ll0.2.12l will establish that the two sets are equal for generic r. 

9.2. Definition of W’(t). In this section we generalise |Her09[ §§6.3-6.4]. To 
simplify notation, let (G,L,r) := (G, L,T)xFp and (G*,L*,T*) := {G,B,T)x¥p. 
Let F : G^ G denote the relative Frobenius, so G^ = G(Fp). Let L* : G* —>■ G* 
denote the composite Ft o (p = ip o Fr, where Fr denotes the relative Frobenius on 
G* and p € Fq^^ denotes from now on a geometric Frobenius element. Then F* is 
the relative Frobenius for a different Fp-structure on G*, as p has finite order on 
G*. 

Recall that we fixed an isomorphism (j): 4'o(G*, L*,L*) 't'o(G, L, T)^ above 

that is by definition FQ^-equivariant. Our conventions are that Fq^ and the Weyl 
group act on the left on X{T) and Y{T_)] so j{p) = p,oj~^ and w{p) = p.ow~^ for 
p £ X(T), 7 £ Fqp, w £ W. However, F is not invertible, so we set F(p) = po F. 
Similar comments apply to G*. With these conventions we have F o (j) = (j) o F* 
on Y{T*), a^ F = pp on X{T) and F* = pp on Y{T*). Thus </> is a duality 
between (G, L) and (G*,F*) in the sense of Deligne-Lusztig |DL76) . (Note once 
again that 'I'o(G, L, T), 4'o(G*, L*, T*) are canonically isomorphic to the canonical 
based data, as (H,L) is L-stable and (L*,r*) is F*-stable.) 

Fix from now on a generator (Cpi_i) £ IbrlFpi- Recall the following facts from 

[D ^ §5]. 

(i) The (canonical) Weyl group W = N{T)/T is canonically identified with 
A^(r*)/r* such that w o (j) = (jj o w for all w £ W. The actions of F and F* on W 
are inverse to each other. 

(ii) There is a canonical bijection between G'^-conjugacy classes of pairs (T, 0) 
consisting of an L-stable maximal torus T C G and a character 9 : —>■ Qp and 
G*^ -conjugacy classes of pairs (T*,s) consisting of an F*-stable maximal torus 
T* C G* and a semisimple element s G T*^ . 

(hi) If the classes of (T*, s), (T, 6) are in bijection in (ii), then they are both said 
to be maximally split if T* C Zq* (s) is a maximally split torus (i.e. contained in 
an F*-stable Borel subgroup of Zg*(s)). 


^In order not to get confused about actions on X(T), it helps to think in terms of the actions 
on T. For example, F = pip~^ on T. 
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Proposition 9.2.1. We have the following commutative diagram 


\ maximally split 

j duality 

J maximally split 1 

1 (TVs) , 

l/g.F. 

1 J/G^ 


{ tame inertial L-parameters 1 ^0 f representations of 1 

%^6(Fp) G(Fp) over Qp 

defining the map V^. 

Proof. We proceed as in the proof of [HerOQi Prop. 6.14]. Recall that (Cp*-i) gives 
rise to a generator ^can G ^Qp/-^Qpj where is the wild ramification subgroup. 

Since Pop/Zq^ = ^ (<P)> where ip~^gip = gP for g G the bottom left- 

hand corner of the diagram is in bijection with G'(Fp)-conjugacy classes of semisim¬ 
ple elements s' G G'(Fp) = G*(Fp) satisfying that is G*(Fp)-conjugate to 

{s')P. Equivalently, by conjugating s' to r*(Fp) and using that F* = pip on T*, 
these are F*-stable G*(Fp)-conjugacy classes of semisimple elements of G*(Fp). 
Using that Z{G) is connected, every such conjugacy class has a representative in 
G*^ , unique up to G*^ -conjugacy. We then get the bijection on the left as in 
[HerOQj . The map on the right is given by (T, 0) i—>■ with notation as in 

[HerOQl §4.1] and [HerOQl Lem. 4.2]. It is a genuine representation of G^ = G(Fp) 
by |DL7^ Prop. 10.10]. □ 

The explicit description of in [HerOO] generalises, as we now explain. Recall 
that for re G lU we choose g^ G G(Fp) such that gf,^F{g^) G N(T_)(Fp) represents 
w and define := 9 wTjg~^. Then is an E-stable maximal torus. Define 
: 21w Qp for p, G X{T) by := fl{g~^tgw), where tilde denotes the 

Teichmiiller lift. Any pair (T, 6) consisting of an E-stable maximal torus T and 
a character 9 : —>• Qp is G^-conjugate to for some {w,p). Let 

R{w,p) := be defined as in the proof of Proposition 19.2.11 (It may 

be virtual if (rc, p) is not maximally split.) For d > 1 let —>■ Fp be the 

character uJa-, where cr : Fpd —>■ Fp denotes the inclusion of the unique subfield of 
Fp of degree d over Fp. Let t{w,p) : Iq^ —>■ T(Fp) denote the tame representation 

t { w , p ) := iV(p..ou,-i)d/F*o-u,-i(Ai(wd)), 

where d > 1 is chosen such that (E* o = (E*)^, p is considered as element 

d-l 

of y(E*) via (j), and = 11 

i=0 

Proposition 9.2.2. The representation t ( w , p ) is an inertial L-parameter, and 
when {T_.^,9u)^fj) is maximally split we have V^{t{w, pf) = R{w,p). In particular, 
is independent of the choice of 

Proof. This is the same as in |Her09[ Prop. 6.14]. □ 

Let A(T)-i- denote the subset of X{Jf) consisting of dominant weights, and let 
Xi{T) := {p G X{T) : 0 < {p,a'^) < p - 1 for all a G A}, A°(r) := {p G 
X{T) : {p,a^) = 0 for all a G A}. For p G A(T)+ let F{p) denote the irreducible 
algebraic G-representation of highest weight p. 
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Lemma 9.2.3. The map 

{F ^l)XO(T) ^ weights of G(¥p) = 

M P{t)\g‘" 

is a {well-defined) bijection. 

Proof. We claim first that there exists a finite order automorphism tt of {G,^,2f) 
that commutes with F and that induces the action (p~^ on 'i^o{G,^,Tf). To see 
this, note first that we can choose a pinning Xa ■ Ua for a € A such that 

Fox^pa = XaO Fa for all a € A, where Fa is the relative Frobenius on and Ua is 
the root subgroup of a. Then let tt be the unique automorphism of {G, B, T_, {tcIa) 
inducing on '^o{G,^,T). To see that F and tt commute, note that both maps 
send Ua onto 

Then Fott~^ is the relative Frobenius of a split Fp-structure onGi since Fott~^ = 
Fif = p on T). The lemma now follows from Proposition 1.3 in the appendix to 
|Her09] . noting that F = p'K~^ on X{T). □ 

Let XregiT) := {p € X{T) : 0 < {p, a'^) < p - I for all a e A} C Xi{T). Then 
p 1-^ Wo ■ {p — pp) defines a self-bijection of Weg(T) (where wq G IF is the longest 
element), which passes to the quotient . Via Lemma [5.2.31 this quotient 

is identified with a subset Wreg of all (isomorphism classes of) Serre weights of 
G(Fp). We write 

TZ : Wreg Wreg 

F{p) hA F{wo-{p-pp)) 

for the induced bijection. 

Definition 9.2.4. For a tame inertial L-parameter r : /q^ —>■ G(Fp) let 

W’(t) := {TZ{F) : F G Wreg an irreducible constituent of V'^(t)}. 

Remark 9.2.5. Note that this set does not agree completely with the set 1 F’(t) 
dehned in [HerOQ! §6] when G = GL„. The only discrepancy occurs for weights 
F{X) with (A,®'^) = p — 2 for some a G A, which is irrelevant for our main result 
(Theorem 110.2.121) . 

9.3. Definition of WexpKu). We will now define Wexpi(T) for a tame inertial L- 
parameter r : —>■ G'(Fp). When G = Resx/QpGL„ with K/Qp finite unramified 

we will recover the set of weights given in Definition 17.2.31 (this will be Proposi¬ 
tion 19.5.31) . 

9.3.1. Hodge-Tate co-characters. Suppose for the moment that K/Qp is finite, or 
more generally that K/Qp is algebraic with finite ramification index, and that FI 
is a (not necessarily connected) algebraic group over Qp. Recall that a continuous 
homomorphism p '. Vk ^ H{Qp) is said to be Hodge-Tate (resp. crystalline) if 
for some faithful (and hence any) representation H —>■ GLa? over Qp, the resulting 
V-dimensional Galois representation is Hodge-Tate (resp. crystalline). Given any 
p : Fic —>■ B(Qp) that is Hodge-Tate, and any homomorphism j : K ^ Qp, it 
is explained in |BG151 §2.4] that there is an i7°(Qp)-conjugacy class HTj(p) of 
co-characters Gm —t H over Qp (or equivalently, an element of Y{T)IW^ where T 
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is a fixed maximal torus and W its Weyl group in iJ°). These classes satisfy the 
relation 

(9.3.1) HT,o^-i(p) = p(j) HT, (p)p( 7 )-i for all 7 £ Fjc- 

Our normalisation is such that HT^ (e) = 1 for all j. If p : Gm H is a. co-character 

we let [p] denote its class in Y{T)jW. The following lemma is elementary. 

Lemma 9.3.2. Suppose p : T^ —>■ H{Qp) is Hodge-Tate. 

(i) If f : H ^ H' is a map of algebraic groups over Qp, then for j : K ^ Qp, 

foHTj(p)^HT,(fop). 

(ii) If K' C K contains K, then for j : K ^ Qp, 

HT,(p|r,,) = HT,(p). 

(iii) Suppose that L is another field and that 7 : K p, is an isomorphism 
sending K onto L. Then for j : L ^ Qp, 

HT,o^(p)=HT,(po(7-i(-)7)). 

Now specialize to an L-parameter p : Tq^ —>• ^G(Qp) that is crystalline. Then 
HTi(p) £ Y{T)lW = X{T)IW associated to id : Qp —^ Qp determines all Hodge- 
Tate co-characters by (19.3.11) . Also, HTj(p) depends only on 
Suppose that r : Iq^ —>■ G(Fp) is a tame inertial L-parameter. 

Definition 9.3.3. We say that an L-parameter p : Tq^ —>■ ^G{'Lp) is an obvious 
crystalline lift of t if 

(i) pIiqp is G(Fp)-conjugate to r; 

(ii) p is crystalline; 

(iii) there is a maximal torus T* C. j-^ such that 

P(rQj C Nlg,^{T*){Zp) and p(/qJ C T*(Zp). 

Remark 9.3.4. As any two maximal tori of ^Gjig^ are G(Zp)-conjugate, we may 
assume without loss of generality that T* = in (iii). We also remark that 
Nlo^T) = iVg(f) >4 Gal(L/Qp). 

Remark 9.3.5. Note that (iii) implies that there exists K C Qp with K/Qp finite 
unramified such that p{Tk) C T*{'Zp). 

Definition 9.3.6. We define 

Wobv(T) := {F{p) : p £ Ai(T), r admits an obvious crystalline lift p 
with HTi(p) = [p -h 77 ] £ X{T)/W]. 

Proposition 9.3.7. There holds the equality Wobv(T) = {F{p) : p £ Ai(r), r = 
t(w, p Y rf) for some w € W}. 

Proof. More generally we will show that 

{HTi(p) : p an obvious crystalline lift of r} 

= {[p] ■ P & X{T) such that r = t{w, p) some w £ W}. 

(Note that T{awF{a)~^ ,ap) = t(w,p) for a £ W.) 
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First suppose that p : Fq^ — )> Nlq{T){1ip) is an obvious crystalline lift of t. Fix 
K C Qp with K/Qp finite unramified such that p{Tk) C T{'Lp). Then for all j : 
Qp Qpj the co-character p,j := HTj(p|rft:) S T(T) is a lift of HTj(p) G Y(T)IW 
(by Lemma [9.3.21) . Note that p,j depends only on j\K- Also, conj(p(i^)) o plr^ = 
pWk ° (where conj(g) denotes conjugation by g), so by Lemma [9.3.21 

conj(/9((p)) o pj = Pjoip-^- Writing p{(p) = (pw~^ G Nlq{T){'Iip), for some w G 
Ng{T){Zp) lifting w G W, we get Pjocp-^ = For v G A(T), v o p\y^ : 

Tk Zjp is crystalline with Hodge-Tate co-characters WTj{i'o p\y^) = (u, pj) G Z, 
hence by Lemma 15.1.61 

ierQp/Tft: 

where d := [K : Qp]. It follows that 

(9.3.8) =t(w,pi), 

as F* = pip on Y{f) = X{T). 

Conversely, given (w,^) G IF x X{T), choose d > 1 such that {pw~^)‘^ acts 
trivially on p. Let K C Qp be unramified over Qp of degree d. Let p' :Tk ^ T{Zp) 
be crystalline such that W£^-s[p') = (ipw~^Yp G Y{T) for all s G Z. (Note that 
HTj(p') only depends on To construct p' write T = and use Lemma lB.l.GH 
It follows by Lemma [5 .1. 61 that pw~^ o p' = p' o (</?(—holds on Jq^ . Therefore 
we may define an L-parameter p : Fq^ —>■ ^G{Zp) by (i) pI/q^ = p'\iq^ and (ii) 
p{p) = pw~^ where w G Nq(T)(Zp) is any fixed lift of w. Then p is crystalline, 
as pI/qp is crystalline, and HTi(p) = [p] by Lemma [9.3.21 Also, pj/^ = t(w,p) by 

” □ 

For V G A(T)+ let W{v) denote the G-module Indg('u;ou) defined in [,Ian031 
11.2]. It has unique highest weight v and G-socle F{v). 

Definition 9.3.9. If W is a set of Serre weights of G(Fp), we define C(W) to be 
the smallest set of Serre weights with the properties: 
o W C C(W), and 

o if W n JH( 3 (]fp) W{v) Y 0, where v G Xi(T), then F{v) G W. 

9.3.2. Levi predictions. The Levi subgroups M G G that contain T are in bijection 
with the Fqp- stable subsets of A, by sending M to Am- Note that each M satisfies 
Hypothesis 19.1.II with the same twisting element p as G. For each M fix a dual 
group Then there is a unique FQp-equivariant homo¬ 

morphism i : (M, Bm,Tm) —>■ (G, B, T) such that i* : X{T) —>• X{Tm) corresponds 
to idy( 7 ') and i o Xa,M = Xa for all a G Am. In fact, i is a closed immersion, so we 
can and will think of M as the Levi subgroup of G containing T defined by A^i, 
with induced structures. 

We have variants of the definitions of Sections 19.1119.31 with M replacing G, and 
we will indicate these by decorating notation with an M: in particular A('^(T), 
W^{p) for p G X{T)+,m, [■]m, and in Section [10] also $m, || • ||m, Tm, 

T^{w, p) for w G IFm, P G X{T)- 
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Definition 9.3.10. We recursively define Wexpi(T) to be the smallest set containing 
Wobv(T) that is closed under the following operation: whenever r : —>• G(Fp) 

factors (perhaps after conjugation) through an inertial L-parameter —>■ 

M(Fp) with M as above, and Wexpi(T^) H JHjv^(Fp) W^{w ■ v) ^ 0 (where v G 
w & W such that w ■ v G X{T)+,m), then F{i/) G Wexpi(T). 

Remark 9.3.11. If we take M = G in the recursive step of this definition, we obtain 

that C(Wobv(r)) C Wexpi(r). 

The motivation for Definition 19.3.101 is as in Section 17.21 we expect that 
has a crystalline lift of Hodge-Tate co-character [w ■ v + ri]M^ hence that r has a 
crystalline lift of Hodge-Tate co-character [v -\-j]]. 

9.4. Restriction of scalars. Suppose for the rest of this section that K C Qp with 
K/Qp finite unramified. In the following, if X is a set (resp. group, resp. group 

scheme) with a smooth left action of T/f, then we denote by Indp^’’ X the induced 
set (resp. group, resp. group scheme) consisting of functions Tq^ —>■ that are 

Fif-equivariant. For 7 G Fq^ let ev-y : Indp^ X ^ X denote the evaluation map at 
7 . If y is a set of representatives of Fif\FQp, the {evy)y^Y provide a non-canonical 

isomorphism Indp^^ X of sets (resp. groups, resp. group schemes). 

Suppose that is a connected reductive group over Ok with Borel Bh, Levi 
Th C Bh and simple roots Xh C X{Th)- Suppose that H satisfies Hypothesis 19. 1.1 1 
(or rather its analogue over K) with local twisting element r]H G X{Th)^^ . We 
may then obtain a group G as in Section [HD by restriction of scalars: 

(G, B, T) := Bgsok/Zj, (H, Bh, Th). 

Note that G x H Xk,k Qp, so G‘^®“' is simply connected and Z{G) is 

K,: K—¥<Qp 

connected. In particular, 

XiT)^ 0 X(r^,x.Qp)-Indp^-X(r^). 

K.: K^Qp 

It follows that 4'o(G, i?,T) = Indp^*’ ^q{H,Bh,Th) (where strictly speaking A 
consists of those functions in Indp^^ Xh that are supported on a single coset of Fi^-, 
and similarly for A'^) and that 77 G X(T)^^p = X{Th)^^ defined by rjH is a local 
twisting element of G. Hence G satisfies Hypothesis 19.1.11 Let L C Qp denote the 
splitting field of iF, so L/Qp is finite unramified, L D K, and G x L is also split. 
Let (iF, Bh, Th, {xa'}) be a dual group of H as in Section I^Tl and define 

(G,H,f) := ln4l^{H,BH,fH). 

Then Fq^ preserves a pinning {xa} of G that is naturally induced from {xa'}- 
We also see that '^o{G,B,T) = Indp^*" ^o{H,Bh,Th) (with the same proviso as 
above), so via the induced isomorphism 4'o(G, i?,r) 'i>o{G, B,T)'^ we can 

consider [G, B,T,{xa}) as a dual group of G. We let := H x Gal{L/K). 

In the following, note that the notions of (inertial) L-parameter and obvious 
crystalline lift carry over to representations of F^f (repectively Ik). Also note 
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that evi : G{A) —^ H{A) is Fi^-equivariant hence extends to a homomorphism 
evi : G{A) >j Gal(L/iF) ^ ^H{A). 

Lemma 9.4.1. Suppose that A is a topological hp-algebra. Then we have a bijection 


(9.4.2) 


L-parameters 1 
Tq, ^ ^G{A) ] 


/G{A) 


L-parameters ) 
Tk 


^ ^H{A) / 


/H{A) 


sending p to pK = evi(p|rjf). If A = Qp then p is crystalline if and only if px is 
crystalline. 

Proof. For the moment let us consider A with the discrete topology. By writing 
p{g) = p^{g) X g we see that p^ defines a 1-cocycle Fq^ —>• G{A), and in this 
way we get a bijection between G(A)-conjugacy classes of L-parameters p and the 
pointed set H^(TQ^,G{A)y As G{A) = Indp^*” H{A), the non-abelian Shapiro 
lemma l |StilO[ Prop. 8 ]) shows that iF^(FQp, G(A)) = H^(Tx,H{A)^ where p° 
is sent to evi(/9°|rK)- This proves (19.4.21) if A is discrete. From the description 
Pk = evi(p|rftr) and (19.4.41) it follows in general that p is continuous iff plr^ is 
continuous iff px is continuous, and similarly for the crystalline condition when 
A = Qp. For later reference we recall from |StilO) a description of a representative 
p in the inverse image of px- Let y be a set of representatives of F^\Fqp with 
1 G Y. Then p is defined by 

(9.4.3) ev,p°(7') = p^xiS)'^ ■ P°xi5') £ H{A), 

where 7 = Sy, 77 ' = S'y' with 5, S' GTx, y, y' GY. □ 

Note that in the context of Lemma [9.4.11 for any 7 G Fq^ we have 7 o p\y^ = 
pItl ° (7(-)7~^), so 

(9.4.4) ev.y(p|ri) ^ o ( 7 (-) 7 -i) : ^ 11(A). 

Lemma 9.4.5. Suppose that A is a topological Xp-algebra. Then we have a bijection 


(inertial L-parameters I 
I /q, ^ G(A) i 
sending t to tx = evi(T). 
Remark 9.4.6. Note that Ix = Fr 


r inertial L-parameters I 


/G{A) 


\ 


Ik 


H(A) 


/H(A) 


Proof. By Lemma [9 .4.1 1 the map is well defined and surjective. Suppose that Ti,r 2 
are inertial L-parameters such that ti x — r 2 ,x- As the extend to L-parameters, 
from (19.4.41) we get that ev.y(Ti) = ev.y(r 2 ) for any 7 G Fq^. Let T be a set of 
representatives of Fx\Fqp, and choose hy G 11(A) (y G Y) such that 

evp(ri) = hy ■ eVy(T 2 ) ■ hy^, for all y GY. 

Then ti = g ■ T 2 ■ g~^, where g G G(A) is defined by g(y) = hy for y gY. 


□ 


Lemma 9.4.7. Suppose that r : Iq^ -a G(Fp) is a tame inertial L-parameter and 
that p : Fqp -a ^G(Zp) is an L-parameter. Then p is an obvious crystalline lift of 
T iff px is an obvious crystalline lift of tx . 
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Proof. The “only if” implication is immediate from Lemma 19.4.11 Conversely, if 
Pk is an obvious crystalline lift of tk, by Lemma r9.4.5l = r, as it is true after 
evaluating at 1. Also, p is crystalline by Lemma [9.4.II Now assume without loss of 
generality that pK takes values in Nlu{Th){1ip). Then p (or rather a representative 
of p in its conjugacy class) is obtained from pK by formula (19.4.3L which shows 
that p takes values in Nlq[T){'Lp). Now if 7 ' G /Qp, then p{'^') G T{'Lp) follows 
from (19.4.3L a.s y = y' and S' G SIk- □ 

9.5. The case of GL„. Suppose that H = GL„, Bh the upper-triangular Borel 
subgroup and Th the diagonal torus, all over Ok- Define {H,Bh,Th) likewise 
but over Zp. Identify X[Th) Y{Th) by sending diag(a;i,... ,Xn) '->■ 0 xT to 
X !->■ diag(a;“N • ■ ■ ,x“"). Note that L = K and = H. Let pH G X{Th) be the 
local twisting element diag(a;i,..., Xn) '-5' 0 ■ 

Lemma 9.5.1. The representation px '■ Tk GLn,(Zp) is an obvious crystalline 
lift of tk: Ik GLjj(Fp) in the sense of the current section if and only if it is an 
obvious crystalline lift in the sense of Definition \ 1. 

Proof. It suffices to show that px ■ Tk ^ GL„(Zp) satisfies condition (hi) in 
Definition 19.3.31 iff it is isomorphic to 01ndp^ Zp{xi) for some Ki C Qp with 
KijK finite unramified and characters Xi '■ TXi —This is clear, as either 
condition is equivalent to Z)) being a direct sum of n rank I free Zp-submodules 
that are permuted by Tif, with Ix preserving each summand. □ 

Combining the previous lemma with Lemma |9.4.7l we obtain the following. 

Corollary 9.5.2. p : Tq^ —>■ ^G{Zp) is an obvious crystalline lift of t : —>■ 

G(Fp) if and only if px ■ Tx ^ GL„(Zp) is an obvious crystalline lift of tx: 
Ix GL„(Fp) in the sense of Definition 

We can now show that when G = Res/f/Q^GL^, the set Wexpi(T) recovers the 
collection of Serre weights given by Definition 17.2.31 More precisely, we have the 
following. 

Proposition 9.5.3. Forr : —>■ G(Fp) a tame inertial L-parameter, Wexpi(T) = 

Wexpi(TR-), where the latter set is computed according to Definition \7.2.3\ 

Remark 9.5.4. Note that we have canonical isomorphisms G(Fp) = H{k) = GL„(fc), 
where k is the residue field of K. 

Proof. Let r : Ox —>■ fc be the reduction map and uo : ^ iFp the inclusion. We 
have canonical isomorphisms 

(9.5.5) GxFp^ Yi Hx^rVp, 

(Tik^Wp 

(9.5.6) X(rxFp)^ 0 A(TjfX,,,Fp)^Indr^'’A(rff x,„,Fp). 

>-Fp 

For p = (pa-) € X{T X Fp) we can write pa- = Va x a ^p with Va- G Homfc(Tf/ x^ 
k,Gm), as Th is split. Then in (19.5.61) . for 7 G Tqp, 

ev.y-i{p) = evi(7“V) = (7“V)ao = x Fp. 
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In particular, as rj G , ev^-i{r]) = r]H = ? 7 ff,o x Fp, where r]H,o = (n—l,n — 

2,... ,0) G Homfc(T// k,Gm)- 

Suppose that p is an obvious crystalline lift of r with HTi(p) = [p, + 77 ], where 
p G Xi{T). Then from Lemma [9.3.21 and (19.4.41) we get for any 7 G Tqp, 

HT^(p,,)=HTi(pxo( 7 -'(-) 7 )) =ev^-i(HTi(p)) 

(9.5.7) _ 

= [evj-i{p + rj)] = [( 17700-0 + VH,o) X FpJ. 

With respect to the decomposition (I9.5.5L the Serre weight F{p) G Wobv(T) is iso¬ 
morphic to F{pa) as representations of G'(Fp) = F[{k), so F{p) = ^ Fk{vcr)®a 
Fp, where Fk(i'a) denotes the irreducible algebraic iJ/fe-representation with highest 
weight Vn- Then Fk{vcr) = (cf. Section lXTl) as representations of G'(Fp) = F[{k). 
By (|9.5.7I) . F{p) is the Serre weight associated to the obvious crystalline lift pK by 
Definition 17.1.31 Hence Wobv(T) =Wobv(Tif)- 

Similarly, with the above notation we get an isomorphism W(p) = Wk{va-)'S)a- 
Fp, where Wk{va) denotes the i7/fc-module {wo^a), so Wtii'a) — (Siqk ^ 

(cf. Section [T9]) . We deduce that C(Wobv(T)) = C(Wobv(Ti<')), where the latter is 
computed according to Definitions 17.1.31 and 17.2.11 

To compare explicit predicted weights, note first that any Levi M of G containing 
T is of the form M = Reso^/z^M// with Mh a Levi of F[ containing Th, so that 
mh - n;= GL„^ for some r and n^-’s; then r factors through if and only 

if there is an isomorphism tk = dimr^^ = rij for all j. In general, 

whenever {G,B,T) ~ Ylj{Gj,Bj,Tj) factors as a product of pinned groups, then 
77 = where pj is a local twisting element of Gj, and Wexpi,r/(D x • • • x r^) = 

{^jFj : Fj G Wexpi.r^j (d)} where the subscripts 77 and pj indicate the dependence 
on the local twisting element. Moreover, ii p = ^ pj with pj G X(Tj)+, then 
F{p) = ^jF^^{pj) and W{p) = (pj). From Proposition 19.3.71 we get that 

Wexpi,r 7 ('r) = Wexpbr;'('’’) ^ F{p' — p) whenever p' is another local twisting element. 
Putting these observations together, we see that Wexpi(T) = Wexpi(Tif), where the 
latter is computed according to Definition 17.2.31 □ 

10. Comparison with [Her 09] 

In this section we will prove that for L-parameters r : /q^ —>■ G(Fp) that are 
sufficiently generic, the sets W’(t) and Wexpi(T) are equal. This establishes in 
particular that Conjecture 17.2.71 is in agreement with the Serre weight conjecture 
of |Hern9| . 

10.1. The weight set W’(t) in the generic case. We begin by giving an alter¬ 
nate characterization of the set W'(r) (for t sufficiently generic in a sense to be 
made precise below) in terms of the f relation on alcoves. We refer the reader to 
[Jan03[ H.6.5] for the definition of the f relation; see also |Her091 Def. 3.15]. 

We use the same notation as in Section l9)^ Recall from the proof of Lemma r9.2.3l 
that there is a finite order automorphism tt of (G, H, T) that induces the action of 
ip~^ on 'I'o(G,H,T). In particular, F =7771“^ on X{T). 

Let 4) C X{T) denote the set of roots, the subset of positive roots, Wp := 
pZ4> X W the affine Weyl group, and Wp := pX{T) x W the extended affine Weyl 
group. We refer to |Jan03[ H. 6 ] for the definition of alcoves and for the basic facts 
about them. We denote by Go the lowest (or fundamental) alcove. We say that 
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a weight A G X{T) is p-regular if it does not lie on any alcove walls; equivalently, 
Stabwp(A) = 1. 

Lemma 10.1.1. Suppose A G -A'(T) is p-regular. Then Stab^ (A) = 1. 

Proof. The proof of [HerOQl Lemma 5.6] applies, as Z{G) is connected. □ 

Recall from [HerOQl §5.2] the definition of /r G X{T) lying 5-deep in an alcove. 
We say that a statement is true for p, lying sufficiently deep in some alcove C if 
there is a i5 > 0 depending only on the based root datum 'I'o(G, S, T) together with 
its automorphism tt (and in particular not on p) such that the statement holds for 
all p which are (5-deep in C. 

Recall from |,Tan031 II.9] the definitions of G^T-modules .^i(A) and Li(A) for A G 
X{T). Supposing there exists p G Co r\X{T) (equivalently, p > {ri,a'^) Va G <&+), 

let _ 

Di := {uGWp-.u-pG XfT)}. 

This set is independent of the choice of /i, and it is a finite union of pX°(T)-cosets. 
Proposition 10.1.2. For p lying suffciently deep in the alcove Cq, we have 

R{w,p -Gr]) = E E [Zi{p -Gprj) : Li{pv -\-u ■ p)] F{u ■ {p -\- w'kv)) 

ueDi/pX0(T)ueX{T) 

in the Grothendieck group of finite-dimensional ¥p[G{¥p)]-modules. 

Remark 10.1.3. By Lemma |9.2.3I the inner sum depends only on the coset of u in 
Di/pXfiT). 

Proof. This proposition is a generalisation of Jantzen’s generic decomposition for¬ 
mula for Deligne-Lusztig representations |Jan81[ Satz 4.3]. For a generalisation 
of |Jan811 §1-3] to reductive groups with simply connected derived subgroups, see 
the appendix to [Her09| . We now explain how [JanSll §4] generalises to the same 
context. We only leave aside the part of [JanSll §4.1] that follows equation 4.1(2). 
Without further comment, any reference in the remainder of this paragraph will 
be to [JanSlj . and we keep the same notation and conventions as in the appendix 
of [Her09| . For example, any occurrence of p, Pw,£w,7wi,w2 should be replaced by 
p' , p'w, Swilwi W2- addition, in §4 any occurence of the term “p -\- p” should be 
replaced by -I- 7 rp'”. We let h := max{(p', o;'^) -I- 1 : o; G i?+}. Furthermore, 
any occurence of as the index of a sum should be replaced by (a fixed set of 
representatives of) ZJ„/p”Ar°(T), which is finite. In particular, Satz 4.3 says that 

Ryj{n,p-\-Tip') ='^ ^ [Z(n^ p-\-p^ p') : L{n,p^v-\-u-p)]xp{u-{p-\-WTiv)). 

ueD„/p"XO(T) 

u£X(T) 

In §4.3 and §4.4, Og denotes any choice of highest coroot. The inequality in line —3 
of page 472 is no longer true in general, but the following line still holds. In 
line —1 of page 472 the second occurrence of should be 1^2 (a typo). In the 
proof of Lemma 4.4, — = p' — p'^, only holds modulo X^{T), but this is 
sufficient. The diagonal elements of the upper-triangular matrix now lie in X^(T) C 
Z[X(T)]'^, and so the terms x likewise need to be multiplied by elements of X^{T). 
Similar comments apply to the following two displayed equations. 

To deduce our proposition, we choose Jantzen’s split G/¥p such that G x Fp = G 
with relative Frobenius F o 7 r“^ (see the proof of Lemma 19.2.311 . We then choose 
p' = rj (noting that 7 rry = 77 ), take n = 1, and use Lemma llO.l.ll □ 
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Lemma 10.1.4. Suppose p > 2maxKri,: a G For p-reqular weiqhts 

A e X{T), PL G Xi{T) we have 

(10.1.5) [Zi(A) : Li(/i)] 0 a ■ — prf) \ wq ■ {p, — prf) for all a G W. 

Remark 10.1.6. Here we do not need to assume that Z{G) is connected or that rj 
is Gal(L/Qp)-invariant. We impose the condition that X,p are p-regular because 
[DS871 Cor. 2.7] relies on Corollary lA.1.21 which has the same condition. (See loc. 
cit., §2.6, as well as Remark I A. 1.31 1 

Proof. First suppose that G = Then |DS871 Cor. 2.7] shows that [Zi{\) : 

Li{p)] 7 ^ 0 if and only if p G f^y^w^Iyl ■ SL(i/ • A) in their notation, where v G 
—p+pX(2f) is arbitrary. Taking v = —p and y G W, we find that this is equivalent 
to ^ + p{yp — p) f y ■ X ioT all y G W, or equivalently wqy ■ (A — pp) f wq ■ {l^ ~ PV) 
for all y G W. 

In the general case, note that both sides of (I10.1.5|) imply that p G Wp ■ X. 
For p G Wp ■ X we have [^i(A) : Li{p)]c = [■^i(A) : Li(/j)]gder and /r f ^ if 
and only if t (Note that Wp • A C A + The restriction 

map A(T) -» A(Tn induces a bijection A + Z$ AIA Aj^-pgrcier + Z$, which 
identifies <, Wp-actions, and hence f, on both sides. Also, .^i(A), Li{p) restrict to 
corresponding objects for G'^®^, see the proof of [HerOQl Prop. 5.7].) This reduces 
the claim to the case G = G'^®“^. □ 

Proposition 10.1.7. For p lying sufficiently deep in the alcove Go, and for X G 
ZiiiT), we have that F[X) is a Jordan-F[older constituent of R(w,p + p) if and 
only if there exists v G X (T_) such that 

a ■ {p+ {wTT — p)v) t iTo ■ (A — pp) for all a G W. 

Proof. For p lying sufficiently deep in Go we have p> 2 max{(77, a^) : a G so 
we can (and do) assume this inequality. From Proposition IIP. 1~^ we know that 

R{w, p + p) = E E [Zi{p +p{p — u)) : Li{u- p)] F{u ■ {p + wiLv)). 

uGDi/pX0{T) i'eX(T) 

By Lemma 110.1.41 the (u, v) term of the double sum is non-zero if and only if 
(10.1.8) a ■ {p — pv) t Wo • (u • /X — pp) for all a GW. 

As in the proof of |Her09[ Prop. 5.7], for p sufficiently deep in Go we obtain a-{p + 
{wTT —p)v) f Wo ■ {u ■ {p + wTLv) — pp) for all a G W, which proves the “only if” part 
of the proposition. (Note that in (110.1.81) there are only finitely many possibilities 
for u modulo X^{T), independent of p.) 

Conversely, if ct • (/i -I- (wtt — p)v) f wo • (A — pp) for all a G W, we may reverse 
the above argument, as explained in the proof of |Her091 Prop. 5.7]. □ 

Lemma 10.1.9. For p lying sufficiently deep in the alcove Go, we have that 
(2Iu), Sw,p) is maximally split for all w G W. 

Proof The dual pair is (T*, s) with T* = and s = .(u,-i))”\ 

and where s' := N(^p,ow-L)’i/F»ow-'LpiCp'L-i) with d > 0 chosen such that {F* o 
w~^)‘^ = (F*)'^. We can define s : A(T*) —>• Qp by s{p) := p{s). Then w{s) = w(s) 
for w G A^(T*)/T*, so Stab 7 v(T*)/T*(s) — Stab 7 v(T*)/T*(s) — Stabw(s'). By [DL761 
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Thm. 5.13], this group is generated by reflections, as Z{G) is connected. A reflection 
Sa G W fixes s' G T* if and only if 


(1 — Sa) ° = 0 (mod 

/ a^\ = 0 (mod — 1), 

\ ,_n / 


i)A(r)) 


where we used that {a,Y{T)) = Z, as Z{G) is connected. Equivalently, 

d-l 

^p®(p, (ty7r)*a'^) = 0 (modp'^ —1). 

i=0 

If p G Co, the left-hand side has to be zero, so = 0 (mod p), and this is 

impossible If p lies {h — l)-deep in Cq, where h = max{(ry, f3'^) -|- 1 : /3 G $+}. Thus 
for p lying sufficiently deep In Cq , the Weyl group of T* in the connected reductive 
group Zg*{s) is trivial, so Zg*{s) = T*, which implies that (T*,s) is maximally 
split. □ 


The group X(T_) x W acts on the set W x X{T) by 

(10.1.10) p) = (CTW7rcr“^7r“^, trp -|- (p — awT:a~^)v), 

see |Jan811 §3.1]. This action has the same orbits as the action considered in [HerOQl 
§4.1], as F = p'K~^ on A(T) and F{a) = in Aut(T) for a G W. In particular, 

[HerOQl Lem. 4.2] still applies. Note also that depends only on the orbit of 

(w,p). 

Definition 10.1.11. We say that a tame inertial L-parameter r Is 5-generic if 
r = t{w,p) for some w G W and p lying (5-deep in Cq. As in [HerOQl §6.5] we 
say that a statement is true for all sufficiently generic tame inertial L-parameters 
r If It holds for all r = t{w, p) with w G W and for p lying sufficiently deep In 
Co; in other words, if there exists (5 > 0 depending only in the based root datum 
'I'o(C, H, T) together with its automorphism tt (and in particular not on p) such 
that the statement holds for all r that are i5-generlc. 

We remark that this definition of i5-generic differs slightly from the one given 
at [HerOQl Def. 6.27], as we do not require that the pair (w,p) occurring in the 
definition be “good” (cf. [HerOQl Def. 6.1Q]). On the other hand, this change does 
not affect what it means for a statement to be true for all sufficiently generic r: 
Indeed, [HerOQl Lem. 6.24] (whose analogue In this paper is Lemma 110.1. Q[) shows 
that the pair (u',p) is automatically good for p lying sufficiently deep in Cq. 

Proposition 10.1.12. For all sufficiently generic tame inertial L-parameters r : 
/qj, —>■ G(Fp) and for all A G Ai(T), we have that F{X) G W’(t) if and only if 
T = t{w, A' -|- p) for some dominant A' f o.nd some w GW. 

Remark 10.1.13. Alternatively the equivalence holds for A lying sufficiently deep in 
a restricted alcove. (See [HerOQl Prop. 6.28].) 
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Proof. Write t = t(w, /x + 77 ). For lying sufficiently deep in Cq, ProDOsition llO.1.71 
gives that W’(t) consists of the Serre weights F{X) for A G Weg(F) such that there 
exists V G X{T) with 

a ■ {fi + {wTT — p)iy) t A for all a G W. 

Equivalently, this relation holds for the unique a making the left-hand side domi¬ 
nant. The proof concludes as in [HerOQI Prop. 6.28], using Lemma 110.1.91 and the 
formula (I10.1.10|l . □ 

10.2. The main result. The main result of this section is Theorem llO. 2.121 which 
shows that for all sufficiently generic tame intertial L-parameters r the sets W' (r) 
and Wexpi(T) coincide, and moreover that the Levi predictions of Definition 19.3.101 
do not produce any new weights beyond those already in C(Wobv(T)). 

Define ||A|| := ^ ^iH)- Then we have: 

(i) A</r ||A||<||ai||. 

(ii) A G X(T)^ ||A|| > 0, with equality if and only if A G X°(T). 

(hi) ||A|| = || 7 r(A)|| for all A G AT(T). 

Lemma 10.2.1. Fix N G Z>o- Suppose that A G Af(T)+ with ||A|| < Np. 

(i) For all sufficiently generic t, if t = t{w, A) then A is as deep as we like in 
its alcove. 

(ii) For A' G Xiflf) lying sufficiently deep in a restricted alcove, if F{\') G 
JHg(Fp) (^) then A is as deep as we like in its alcove. 

For instance, to be precise, the statement in (i) means that for each fixed <5 > 0 
and for all sufficiently generic r, if r = t(w, A) then A is (5-deep in its alcove; the 
meaning of (ii) is similar. 

Proof, (i) There is a finite collection of alcoves (independent of p) such that any A 
allowed by ||A|| < Np lies in the closure of one of them. Therefore, as explained 
after [Her09[ Def. 6.27], modulo {p— 1)X'^(T_) there are only finitely many possible 
A (independent of p) and, for t sufficiently generic, each one is (5-deep in its alcove. 
(In the paragraph before [Her091 Prop. 6.28] note that p — tt is injective on the free 
abelian group X{Jf)l'Z^, as tt has finite order.) 

(ii) In the argument that follows, if u is an element of X{T)+ we will often write 
V = vq + pvi with uq G XifF) and vi G Ar(T)-|_ (so that vi is unique modulo 

x°{Ty). 

Choose p G X{T)+ such that F{X') G JH( 3 (]fp) F(p) and F{p) G JHGbF(A). 
Then pf X, so jjpjj < Np and p lies as deep in its alcove as A. 

If /i G Xi{Tf), then p = X' (mod (p — 7 r)X°(r)), and we are done. Otherwise, 
F{p) = F{po) O F(/ii)('^) as G(Fp)-representations, so there exists p^^'^ G X(r)+ 
such that F{X') G JHg(]p'p) E(p(^)) and E(p(^)) G JHg(E(po) O In 

particular, p^^'^ < Po + t^Pi, so as pi ^ W°(T) we have 

(10.2.2) llpW]] < llpoll + llmll < IIa^II - (p- 1) < M-p/2. 

Iterating, we can find a sequence of dominant weights p = p^^\ P^^\ ■ ■ ■, P^^'^ with 
o F(/r(*+^l) G JHG(E(pg*^) ig) F{pi^)'''^'>) for all 0 < i < r, 
o ^ Xi(T) for all 0 < 5 < r, but p^^'> G A:i(T), 
o E(pW) ^F(A') as G(Fp)-representations. 
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Moreover, by (110.2. 2I1 . we know that r < 2N. 

On the other hand, as in the proof of [HerOOl Prop. 9.1] we can write F(/io) O 
(Po + where the sum runs over e G X{T) such that 
we < for all w G W, and dominant f /tq- Hence f a ■ (^q + tts) for 
some such e,^iQ and some a € W. It follows that if is {5 + lV)-deep in its 
alcove, then /Xq (and hence y) is d-deep in its alcove. Therefore, as r < 2iV, if A' is 
(d + 2A^^)-deep in its alcove, then A is d-deep in its alcove. □ 

Lemma 10.2.3. Suppose M G G is a Levi subgroup containing T, and that : 
/qp —>■ M{¥p) denotes a tame inertial L-parameter. Let t : —>■ G'(Fp) denote 

the composite of and the inclusion M G G. Fix d > 0. For all r sufficiently 
generic, is 6-generic. 

Proof. Write = t^{w,X) with w G Wm, A G X{T). Write A = Aq + pAi with 
Aq G Xi{T), Ai G X(T)+. Then t^{w,X) = t^{w,X'), where A' = Aq + wnXi. 
For V G X{T) let \v\ := J2a>o Then 

|A'| < |Ao| + |Ai| = ^|Ao| + i|A| < fcll! 

P P P ^ P 

where we write = E/ 3 gA 

Iterating, we deduce that with |/x| < p'^^np, so pL lies in the 

closure of a finite union of alcoves (for G, hence also for M). A fortiori, r = t{w, p,). 
As in the proof of Lemma FlO. 2.1^ 1. for r sufficiently generic we have that p lies as 
deep as we like in its alcove (for G, hence also for M). By reversing the argument 
we deduce that is as generic as we like. □ 

Lemma 10.2.4. Suppose that X, p G A(T)+_m are p-regular with respect to M . 
Choose w,w'gW such that w{X + rj), w'{ p + rj) areinX{T)+. Then 

X \m P => w ■ Xf w' ■ p. 

Proof. First we show that G By assumption, {w'{p + p), a'^) > 0 for 

all a G As p G W(T)+_m, we have {w')~^a ^ so (w')“^<l>''' n = 0, as 
desired. 

By Corollary IA.1.21 and induction, we may assume that A = Sa^np ■ P for some 
a G n G'L. As a G A(T)+,m, we deduce that + p,oX) > np > 0. Hence 
w' ■ X = Syjpcp.npw' ■ p with {w' ■ p + p, w'{a)'^) > np > 0 and w'{a) G $'*' by the 
above. Then [,Tan031 H.6.9] shows that 

w"w' ■ X = w”Sy,pa),npW' ■ p f w' ■ p 

for any w" G W making w''w'{X + p) dominant. □ 

Lemma 10.2.5. Suppose that p G A(T)+ is p-regular and that v G A(T)+. Then 
for X G X(Tf}+, Xf p+ pv if and only if X — a ■ {p' + pe) for some <j G W, some 
dominant p' f p and some e G X(T_) such that we < v for all w G W. 

Proof. Let X{p, v) denote the subset of A G A(T) defined by the right-hand side 
of the claimed equivalence. 

For the “if” direction of the lemma note that w ■ {p' Fpe) f p' +pv for all w G IF 
by IHerOQl Lem. 9.4] and that p' + pv f p + pv hy [,Ian031 11.6.4(4)]. 

Conversely, suppose X f p + pv. By Corollary IA.1.21 there is a sequence A = 
Ar- t Ar-i t ... t Xo = p + pv, where Ai G A(r)+ and there exist affine reflections 
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(q^z € such tllRt Az -|-1 — Sa^^n^p * Aj. W© 

claim that we can refine the sequence such that 

( 10 . 2 . 6 ) Tiip < {Xi + r], a'^) < (m + l)p for all i. 

To see this, suppose that np < {X + rj, a^) < (n + l)p for some a € n G Z and 
that Sa,mp • A t A, so in particular m < n. Then note that 

3d,mp ■ A = a(2"-2"*+i) t t xW t A(°) := A, 

where A(*+^) := Sa^{n-i)p • for aU i. Since 

(n — i)p < (A^*^ + 77 , a^) < (n — z + l)p for all z, 

and the dominant region is convex, we can indeed refine the sequence A^ so that 
the inequalities (110.2.61) hold. 

We now show that Xi G X{fj,, u) by induction on z. This is obvious when z = 0. 
For the induction step we are reduced to the following statement. Given A, A' in 
X(T)+ such that A = Sa,np ■ X' with np < (A' + 77 , a^) < {n+ l)p and a G then 
A' G n) implies A G X{p,,n). (Note that here A no longer denotes the element 
Xr above.) Note that rz > 0, as np > (A + 77 , a^) > 0. As A' G X{p, v) we can write 
X' = a ■ {p' + pe) as in the statement of the lemma. 

Case 1: Assume that (e, tr > n. Then 

(10.2.7) A = Sa,np ■ X' = Sa<J ' (p' + p(e — na~^a)). 

To see that A G X{p,v) it suffices to show that w{e — na~^a) < v for all w G 
W. Let e' := Scr-ia£ = e — As {e,cj~^a^) > n, the sequence 

we, w{e — na~^a), we' is monotonic with respect to < (i.e. either increasing or 
decreasing). As we < u and we' < v, we conclude that w[e — na~^a) < v. 

Case 2 : Assume that (e, = n — r for some r > 0. As {p' + 77 , = 

(A' + r],a^) — p{e,a~^a^), we see that rp < {p' + r],a~^a'^) < (r + l)p. As p' 
is dominant and r > 0, we get a~^a G Let zu G VF be such that p" := 

ws^-ia^rp • P-' is dominant. Then p" f p' by |Jan03[ 11.6.9] and 

aw~"' ■ {p" + pwe) = a ■ {s^-ia ■ p' + rpa~^a + pe) 

= SaCr ■ {p' — rpa~^a + pe — p{e, a~^a'^)a~^a) 

= SaU ■ [p' + p{e — na~^a)), 

which equals A by ()10.2.7I) . Hence X € X{p,v). □ 

Recall the definition of d{C) G Z for an alcove C ([JanOS], 11.6.6). For all a G 
there is a unique tZq, G Z such that 

(10.2.8) UaP < (A + 77 , a'^) < [ua + l)p 

for all X G C. Then d{C) — X]<i>+ ‘''-a- If C is dominant, then d{C) is the number 
of affine root hyperplanes separating C and the lowest alcove. If A G C, then we 
set d{X) := d{C). Note that if A, p G X{T) are p-regular, then d{p) < d{X) for 
/i t and d{p) < d{p + pv) for v G X(T)+, where equality holds only if p = A, 
respectively v G A'°(T) ( I JanOS) . 11.6.6). 

Proposition 10.2.9. Fix N G Z>o. Then for t sufficiently generic and any X G 
X{21)+ with ||A|| < Np, the following are eguivalent. 

(i) W^(r)nJHG(F,)VF(A)^ 0 . 

(ii) T = t{w, X' + 77 ) for some dominant A' f 0 ,'nd some w G W . 
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Moreover, if (ii) holds then A' = A € or there exists F{v) in VF’(t) fl 

JHg(Fp) VF(A) with d{v) < d{\). 

Proof, (i) => (ii): Suppose F{X') € ■ (r) fl W{X) for some A' € ^i(Z!)- By 

Proposition IIP. l.T^ we have r = t{w, X" + rf) for some dominant X" f A' and some 
w & W. By Lemma [l0.2.1l we see that A", A', and A are as deep in their respective 
alcoves as we like. To show (ii) we can now follow the proof of |Her091 Prop. 9.1], 
noting that it never uses that A is restricted (as is assumed there) and making the 
following modifications: F{fii) should be replaced by its 7r-twist F{fj,i)^^'> = F{tt^i) 
and p by ry. In the expressions po + e, + e, po + w'e, e should be replaced by 
TT£. Starting with [Her091 (9.2)], the expression pw~^w'£ should be replaced by 
as well as awa~^ by awTTa~^Tr~^. (Note also that tt S VP in loc. 
cit. is now a bad choice of letter.) 

(ii) (i): Suppose that 

(10.2.10) r = t{w, X' + r]) for some dominant X' f A, some w G W. 

By Lemma 110.2.11 we see that A' (and hence A) lie as deep in their respective 
alcoves as we like. If A' = A G -^i(T), then F(X) G VP-(t) n JHi 3 (Fp) W{X) by 
Proposition llO. 1.121 as required. Thus from now on we may assume X' = X ^ ^i(2() 
or X' ^ A. 

We will first find A" G X{T)j^ such that F{X") is a G-constituent of W{X), and 
such that A" A if A' A. If A' = A ^ XiifF), we take A" := A. If however 
A' A, choose A" X maximal such that X" is dominant and X' f A" f A. By 
Corollary 1 A. 1.21 there exists an affine reflection sp^np G Wp (/3 G $+,n G Z) such 
that sp^np ■ X = A". As A" is dominant, (A + rj,j3'^) > np > 0. Jantzen’s sum 
formula [Jan031 11.8.19] says that for a certain descending filtration (P(A)*)i>o on 
the Weyl module V (A) we have 

EchnA)*=E E iyp{mp) Sgn{Wa^m) chW{Wa,mSa,mp ' A), 

^>0 0<mp<{X-\-r},a'^) 

where Wa,m G VP is chosen such that Wa,mSa,mp ■ X is dominant. Note that the 
p-adic valuation Vp{mp) is positive, as m > 0. By [,Tan031 11.6.8], for each term in 
the sum, Wa,mSa,mp ’ A f A and equality does not hold. Also, as A is p-regular, all 
WoL,mSa,mp ‘ X that occur in this sum are distinct. (See also |Jan031 11.8.19, Rk. 3].) 
Note that wp^n = 1 by the previous paragraph. Therefore, by the maximality of X” 
and by the strong linkage principle, F{X") is a G-constituent of VT(A), as claimed. 
(It occurs once in W{wp^nSp,np ■ A), but cannot occur in any other term.) 

Suppose first that A" G Xi{Tf), so X" ^ A. Then F{X") G VV^^(r) by Proposi¬ 
tion (TOUIIll and (|10.2.10|) . so F{X") G VV^-(t) n JH( 3 (Fp) W{X) and d{X") < d{X), as 
required. 

Alternatively, if A" ^ Ari(T), then A" = Aq -I-pA", where Xg G Ari(T) and 
A" G X(T)+ — X°(T). By Lemma flO.2.51 as A' f X" we can write X' = a - {p + pe) 
for some a G VP, some dominant p f Aq, and some e G X{T) such that w'e < A" 
for all w' G VP. As {w, A' -I- ry) = {w, a{p -|-p£ -V p)) is in the same X{T) xi VP-orbit 
as {w', p -V 7re' -|- ry), where w' := a~^w'Ka'K~^ and e' := we have 

(10.2.11) T = t{w', p + tte'+ p). 

By genericity, we may assume that p is large enough such that A" G Cg and that 
p -V ire' lies in the same alcove as p for any possible A" and e'. Then p + ire' f 
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Ag + Tie" for some e" G We' = We. Note that e" is a weight of -F(A") = W{X'{). 
Hence (as in the proof of IHerOfll Prop. 9.1]), FiX'f^ + Tie") is a G(Fp)-constituent 
of F{X") = F(X'q) (g) hence by the above a G(Fp)-constituent of W{X). 

By Proposition 1 10. 1.1^ and (I10.2.11|l . F{X'q + Tre") G W’(r), hence F{X'q + Tre") G 
W'^{t) n JHg(Fp) W{X) and d(Ao + Tie") = d(Ag) < d(A), as required. □ 

Theorem 10.2.12. For sufficiently generic tame inertial L-parameters t we have 

W\t) = Wexpl(r) = C(Wobv(T)). 

Proof. It suffices to show Wexpi(T) C IP^(r) C C(Wobv(T)). To see that Wexpi(T) C 
IT’(r), first note that Wobv(7') C IT’(r) by Propositions l9.3.7l and ll0.1.12l Suppose 
there is a Levi M C G containing T such that r factors via —>■ M(Fp). 

Then is as generic as we like by Lemma 110.2.31 It remains to check that 
if u G Xi{T) and w € W are such that w ■ v € then IT’(r^) fl 

Wm{Vp){W^{ w ■ v)) ^ 0 implies F{u) G IT^(r). Noting that \\w ■ u\\m < ||u||, 
we get from Proposition 110.2.'^ that {w', X' + rf) for some M-dominant 

X' tM w ■ V and some w' G Wm- By Lemma [10.2.41 we have a -X' f v, where a €W 
such that a{X' + 17 ) G Hence t = t(w', A' + 77 ) = T{aw'■ X' + 77 ). 

From this we deduce as in Lemma [l0.2.1f i') that cr • A' G 2f(T)+, as it is as deep as 
we like in its alcove, hence that F{v) G VF^(t) by Proposition IIP. l.T^ 

To show W'^ (t) G C(Wobv(T)), we show 

F(A) G IT-(r) ^ F(A) G C(Wobv(r)) for all A G Xi{T) 

by induction on d[X). (Note that d{X) is bounded, independent of p.) As F{X) G 
IT -(r). Proposition 1 10 . 1 . 0 implies that r = t{w, X' + 77 ) for some dominant A' f A 
and some w G IT. If A' = A, then F(A) G Wobv('7) by Proposition 19.3.71 Oth¬ 
erwise, by Proposition 110.2.9) there exists v G XilT) such that F(v) G 1T^(t) 0 
JHg(Fp)1T(A) and d{v) < d{X). By induction, we have F{v) G C(Wobv(T)) 0 
JHg(Fp) 1T(^)) hence by definition of C we get F[X) G C(Wobv('7)). □ 

Remark 10.2.13. In principle the implied constant in this theorem (as well as in all 
other results in Section [TUI) can be made explicit. 

10.3. The proof of Lemma 13.3.51 In this section we prove Lemma [3.3.51 which 
we restate here (using once again the notation of Section [3]) . 

Lemma 10.3.1. If X is a lift of a G (a|'"^)'^'=, then Lx (go F has socle Fa, and 
every other Jordan-Holder factor of Lx (go F is of the form F^ with b G 
and ||6|| < ||a||. 

Proof. It suffices to prove the analogous claim over Fp. For this we work in the 
following more general setting: let G denote a connected reductive group over Fp 
such that is simply connectec0. We also let H be a Borel subgroup of G with 
Levi subgroup T, (G, B,T) := (G, H, T) x Fp, and let F : G —?> G denote the relative 
Frobenius. Let tt be the finite order automorphism of (G, H, T) as in the proof of 
Lemma 19.2.31 in particular, F = on X{T). For the moment we work with 
the definition of ||.|| given in Section flO.21 and check at the end of the proof that it 
agrees with Definition 13.3.41 

^That is, G is the special fibre of one of the groups that we considered in Section (9] except we 
don’t assume that Z(G) is connected or that G has a local twisting element. 
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We will show that for a S W{a) has G'^-socle F(a), and that every other 

Jordan-Holder factor is of the form F( 6 ), b G Xi{T), || 6 || < ||a||. 

We first leave aside the socle and show by induction on ||a|| that if Id is a 
G-module with unique highest weight a G Xi(J^), and dim 14 = 1, then [V : 
F{a)]cF = 1 , and every other Jordan-Holder factor of the G^-representation V is 
of thelorm F{b), b G Xi{T), || 6 || < ||a||. 

Any irreducible G-constituent of V is of the form F{b) with b < a. Hence it is 
enough to show that if [F{b) : F{c)]qf > 0 (c G Xi{T)) then ||c|| < ||&|| and that 
[F{b) : F{a)]cp = Sab- 

If 6 G Xi{F), then c = b (mod Jf°(T)) by Lemma [9.2.31 and we are done. Oth¬ 
erwise, b = bo -^pbi with bo G Xi{T) and bi G X{T)+ — Ai°(T). Then 

Fib) ^ Fibo) O Fipbi) ^ Fibo) 0 Fiiribi)) 

as G'^-representations, and the latter G-module has unique highest weight bo + 
7 r( 6 i). As || 6 o + = ll^ll — {p — l)ll&i|| < we get by induction that 

||c||<|| 6 o + 7 r(^i)||<|| 6 ||. 

The claim about the socle follows by dualising the statement of [HumOBl Thm. 
5.9]. (In the proof replace cr by any element of Ar(T) that pairs to p — 1 with any 
simple coroot and <q by || • || < || • ||, keeping in mind the above result about 
Jordan-Holder factors.) 

To deduce the lemma, apply the above with G = Res^/F^OLn as in Section [9?5] 
We have canonical identifications = GL„(/c) and Ar(T) = (Z")'®'". In the 
notation of Section lOI and the proof of Proposition 19.5.31 we get: 

La 0 ]Fp= ^k,a^p) =W{a), 

(T^Sk 

Fa(^¥p^ {Na^ ®k,a Fp) ^ F[o). 

cr^iSk 

To recover Definition 13.3.41 note that (^ = (n — I, n — 3,..., —n -|- 1) G Z" 

for any a € Sk- □ 

10.4. Comparison with [ADP02) ■ Let f : Gq —>■ GL„(Fp) be odd and irreducible. 
In this section we prove Proposition 18.4.11 i.e. we show that if f|/^ is semisimple 
and sufficiently generic then the Serre weights predicted in IADP02I are a subset 
0 fWexpl(r-|G,J. 

Suppose that F(A), with A G x[^'^ sufficiently deep in its alcove, is predicted for 
f by [ADP021 Gonj. 3.1]. Then according to Definition 2.23 of loc. cit., but using 
our terminology, there exist integers Ui, an 77 -partition (A*^*^) of A with A^®^ G Z"% 
weights G and Tii-cycles Wi G S-m such that: 

o A*^*^ = (mod {p — 1)Z"'’) for all i, 

o f]/^j^ = + Pm), where each summand is irreducible, and 

o — Pm < P — 1 for all 7 . 

(In fact, in what follows we make no use of the final condition in the above list, nor 
of the irreducibility of the summands, nor of the fact that Wi is an Ti-i-cycle.) 

Write A(*) = + (p - 1)7^^*^ with G Z+L Then by (110.1.101) we have 

T('u;i,pW +r]m) = TiaWia~^,a- ((A^*^ +pw~^v^^'>) + Pm) 
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for all a G Sm ■ By Lemma 110.2.51 we have 

a, ■ ((A« +PW-VW) t (AW -puW) +pu« = A^, 

where <7^ is chosen so that the left-hand side of this equation is dominant. Propo¬ 
sition 110.2.91 then gives 

+ 77„J) n JHgl„.(f,) ^ 0, 

and so by Proposition 19.5.31 Theorem llO. 2.121 and Definition 17.2.31 we deduce that 
F(A) G Wexpl(f|G,J. 

10.5. Beyond unramified groups. It is at present unclear how to formulate ver¬ 
sions of the various conjectures of this paper for general ramified groups, where 
crystalline representations are not available. It seems reasonable to expect that at 
least for inner forms of GL„, it should be possible to use the Breuil-Mezard formal¬ 
ism; indeed, this is carried out for quaternion algebras in the papers [GSlllIGG13) . 
For more general groups the absence of a local Langlands correspondence and a 
mature theory of types at present mean that it is unclear whether to expect the 
Breuil-Mezard formalism to extend in the necessary fashion. 

Appendix A. Wang’s result on the f-ORDERiNG of alcoves 

We give Wang’s proof of the following theorem on the geometry of alcoves (see 
[Ye86j ■ |Wan87) l. The following treatment is based on Chuangxun (Allen) Gheng’s 
translation of parts of |Wan87) . 

A.l. Ye and Wang’s result. Let G denote a connected reductive group over Fp, 
and let B be a Borel subgroup of G with Levi subgroup T- We then keep the same 
notation as in Sections IMlol for example we have <f>, $+, Wp, f- Ltowever, for 
convenience, in this section Co and wo do not have their usual meaning. 

Theorem A. 1.1 (Ye, Wang). Suppose C, C' are dominant alcoves sueh that C f 
C'. Then there exists a sequenee of dominant alcoves C = Co t Ci f ■■■ f Ck = C' 
such that d{Ci) — d{Ci-i) = 1 for all i. 

As d{C) < d{C') whenever C f C with C C', from the definition of f we get 
the following corollary. 

Corollary A. 1.2. (i) Suppose C, C are dominant alcoves such that C f C. 

Then there exists a sequence of dominant alcoves C = Co t Ci f ■■■ f 
Ck = C and reflections Si G Wp such that Si ■ Ci-i = Ci for all i. 

(ii) Suppose X, X' are dominant, p-regular weights such that A f A'. Then there 
exists a sequence of dominant weights A = Aq t Ai t ’ ’ ‘ t Afe = A' and 
reflections Si G Wp such that Si ■ Xt-i = Xi for all i. 

Remark A.1.3. Let us say that A G X(Tf) is p-dominant if (A -I- p,a^) > 0 for 
all Of G A. It is natural to ask whether we may drop the condition that A, X' are 
p-regular in Corollary IA.1.2l iiL while replacing dominance by p-dominance. We do 
not know a proof of this in the literature. 

In the following, let A denote the set of alcoves and the subset of dominant 
alcoves. Let TL denote the set of all hyperplanes 

(A.1.4) Ha,np = {A G X{T) (g) R : (A -I- p, a^) = np} 
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for a G n £ Z, where p ■= ^ EaF$+ hyperplane H = Ha^np £ T~L, 

let sh £ Wp be the reflection in H. It is denoted by Sa,np in |Jan03] . 11.6.1. We 
will loosely say H is a. wall of an alcove C it H contains a facet of C of codimension 
one. 

Given a hyperplane H = Ha^np £ "H, we let JI~ (resp., denote the half-space 
obtained by replacing “=” by “<” (resp., “>”) in (lA.1.411 . Recall that C t C"' if 
there exists a sequence of alcoves C = Co, Ci,..., Ck = C such that Ci = SHi'Ci-i 
and Ci C for all i ( |Jan03| . II.6.5). We say that C tt if there is such a 
sequence satisfying moreover that —p £ H~ for all i. (This was considered, for 
example, in [AndSOj .l We will see in Corollary lA. 1. 16l that the two partial orders 
agree on the set of dominant alcoves. 

Let C+ denote the lowest alcove and D+ = {A : (A -I- p, a'') > 0 for all a £ <&+} 
the (p-shifted) dominant Weyl chamber. 

Lemma A.1.5. If C £ A and H £ H then d{C) ^ d{sH ■ C), and C f sh'C if and 
only if d{C) < d{sH ’C). In particular if d{sH -C) = d{C) + l, then H = 
for some j3 £ $+ and np as in (110.2.81) (with p replacing rj). Therefore there are 
only finitely many alcoves C such that C f C and d(C') — d(C) = 1. 

Proof. This follows easily from Lemma 11.6.6 in |Jan03) and its proof. □ 

Lemma A.1.6. Suppose C £ A and that H is a wall of C. Let s = sh- Suppose 
that r, w £ Wp and that r is a reflection. If w ■ C f rw ■ C and rws ■ C f ws ■ C, 
then rw = ws. 

Proof. Let Hi £'Hhe the hyperplane fixed by r. Then w-C C Hf and ws-C C H^. 
But w ■ H is the unique hyperplane separating alcoves w ■ C and ws ■ C. Thus 
Hi = w ■ H and r = = wsw~^. □ 

Proposition A.1.7. Suppose that C, H, s are as in Lemma \A.l.fA If there exists 
a sequence wq, ..., Wh £ Wp such that WiW~\ is a reflection for all i and wq - C f 
■ ■ ■ f Wh ■ C, then one of the following is true: 

(i) wqs • C t • • • t WhS ■ C. 

(ii) There are integers j, k such that 1 < j < k < h such that wqs • G f • • • t 
Wj-is ■ C = Wj ■ C f f Wfi ■ C and wq • G f • • • t Wk-i ■ C = WkS ■ C f 

• • • t WhS ■ C. 

Proof. Suppose (i) does not hold. Letting j be the minimum and k be the maximum 
of the non-empty set {i : WiS ■ C f Wi-is ■ G}, the proposition easily follows from 
Lemma IA.1.61 □ 

Corollary A.1.8. Suppose that C, H, s are as in Lemma \A.1.6\ If w, w' £ Wp 
such that w ■ C f w' ■ C and w's ■ C f w' ■ C, then ws ■ C f w' ■ C. 

Proof. We can find wq, ..., Wh £ Wp such that WiW~}i is a reflection for all i and 
w-C = Wo ■Cf---fwh-C = w'-C. By the proposition, w ■ C f w' ■ C implies 
ws - C f w's - C OT ws - C f w' - C. We are done in the second case. In the first case 
use w's - C f w' - C to conclude. □ 

Lemma A.1.9. Suppose C £ A~^ or that C has a wall H such that sh - C £ A'^. 
Let r £ Wp be a reflection. Then C f r - C G tt • G. 
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Proof. Clearly C r ■ C then C f r ■ C. Conversely, suppose that C f r ■ C. 
Say r = where Hi = Ha,mp with a G We have C C Hf and we want to 
show that —p G Hf. If £)+ n Hf ^ 0, then for any point x in the intersection, 
0 < {x + p, a'^) < mp, so —p G Hf and we are done. If (7 G Tl'*', then C C r\Hf 
and we are done. 

If C ^ then sh ■ C G for some wall H of C. If H ^ Hi, then C and 
sh'C lie on the same side of i/i, so -C C D'^ r\Hf and we are done. If i? = Hi, 
then r ■ C = Sh ■ C G A~^, so Hi is a wall of and thus —p G Hi C Hf. □ 

Proposition A. 1.10. Suppose C, C' G A with C tt C- If w, w' GW such that 
w' ■ C and w ■ C are dominant, then there exists a sequence of dominant alcoves 
w' ■ C = Cq ft ■■■ ft Ck = w ■ C such that d{Ci) — d{Ci-i) = 1 for all i. 

Proof. By the definition of tt we can reduce to the case when C = Sa,np ■ C for 
some a G —p G Ha^np, and C C H^^„p. Thus {x + p,a'^) > np > 0 for all 
X G C. If ,5 = wa, we see that {y + p, /3^) > np > 0 for all y G w • C. Since rc • C is 
dominant, we have /3 G 'h'*". Thus —p G Hff and w ■ C C H^^^. Now we apply 
[Jan03j , II.6.8 to the dominant alcove w ■ C and the reflection sp^np to obtain a 
sequence of dominant alcoves 

(A.I.ll) w"sp^„pw ■C = Cof---fCk = w- C 

such that d{Ci) — d{Ci-i) = 1 for all i, for some w" G W. Finally notice that 
sp,npW = wsa,np and that t can be replaced with tt in (|A.1.II|1 by Lemma lA.I.OI □ 

Note that the translations of X{T) 0 R that stabilise TL are precisely given by 
pX(T_). The following lemma is obvious. 

Lemma A. 1.12. Suppose t G pX(T) and that C, C are alcoves. 

(i) d(C") - d{C) = d{t ■ C) - d{t ■ C). 

(ii) C'fC ^ t-C'ft-C. 

Proposition A. 1.13. Suppose C is an alcove and n G Z>o- Then 
A{C, n) = {C" : C t C and d{C') - d{C) < n} 
is finite. If t G pX (T), then A{t ■ C,n) = t ■ A{C, n). 

Proof. By [Jan03) . II.6.10 the first claim is reduced to the case n = 1, which is 
covered by Lemma IA.1.51 The second claim is immediate from Lemma lA.1.121 □ 

Given n G Z>o and an alcove C, we say that C is in general n-position if 
A{C,n) C A^. The finiteness of A{C,n) guarantees the existence of alcoves in 
general n-position. 

Lemma A. 1.14. If n G Z>o and C G A'^, then there exists a sequence of dominant 
alcoves C = Co f ■ ■ ■ f Ch with h G Z>q such that Ci-i and Ci are adjacent for all 
i {i.e. there is only one hyperplane between them) and such that Ch is in general 
n-position. 

Proof. First consider the case when C = (7+. Take C = w ■ C in general n- 
position, where w G Wp. Let S be the set of reflections in the walls of (7+. Pick 
a reduced expression w = si ■ ■ ■ Sr (si G S) in the Coxeter group {Wp, S). Letting 
Ci ■.= si ■■■ Si ■ (7+, it is clear that Ci-i, Ci are adjacent for all i. We claim that 
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the Ci are dominant and that (7+ = Co t ‘ ’ t C'r = C. If w := si • • • Sr-i and 
H G % denotes the hyperplane fixed by wSrW~^, then £{shw) > i(w) implies by 
[Bou02[ Thm. V.3.2.1] that Cq = C’*' and Cr-i = w ■ C+ lie on the same side of 
H. As H is the common wall of C^-i, Cr, we see that Cq, Cr lie on opposite sides 
of H . Since Cq = C~^ and Cr are dominant, it follows that Co C H~, so Cr C 
and Cr-i t Cr- As H is not a wall of we deduce that C^-i is dominant. The 
claim follows by induction. 

If C is general, write C = w ■ C+ for some w € Wp and write w = a + pu 
with (T G W, V G A(T). Then it is easy to see that {v,a^} > —1 for all a G <&+, 
i.e. ly G X{T)+- Hence t := pv maps dominant alcoves to dominant alcoves and 
alcoves in general n-position to alcoves in general n-position. So the lemma is true 
if C = t-C+. 

If C = 'u;-C+ ^t-C+, we only have to find a sequence of dominant alcoves 
C = Co ^ ^ Ch = t ■ C'^ such that Ci-i and Ci are adjacent for all i. We 

use an induction on the number of hyperplanes between C and t ■ C '^. Let H be 
a wall of C that lies between C and t ■ C+, so H cannot be a wall of ZI+. Let 
Cl = SH ■ C = SHU) ■ C+. Then Ci G and we have t ■ (—p) = w ■ (—p) G H, 
so t ■ (—p) = SHW ■ (—p). Since t ■ C+ C H^, it follows that C f Ci. Moreover, 
the number of hyperplanes between Ci and t ■ C^ is one less than the number of 
hyperplanes between C and t ■ C+. □ 

Given an alcove C and n G Z>o, we let h(C,n) be the minimum possible value 
h occurring as the length of the sequence in Lemma IA.I.14I 

Proof of Theorem \A.l.l[ We prove this by induction on d := d{C') — d{C) > 0. 
When d is fixed, we induct on h{C,d)- The cases d < 1 are trivial. For any d, the 
case /i(C, d) = 0 is trivial. Now for fixed C and d we have a sequence of dominant 
alcoves _ _ 

C = Co t • • • t C-i. ^ 

as in Lemma [A.I.14I and such that h = h{C,d)- If C'r t C' then d(C') — d(Ci) = 
d(C') — d(C) — I and we are done by the induction hypothesis. So we can assume 
from now on that Ci C'. We can write Ci = sh ■ C and C' = w • C for some wall 
id of C and some w G Wp. Let C[ = w ■ Ci = wsh ■ C. We claim that C f C[. 
Otherwise C'^f C. So C f w • C and wsh ■ C f w ■ C. By Cor. lA.I.^ this implies 
that Cl = Sh ■ C f w ■ C = C, a, contradiction. 

Thus C't C{, in particular C f C(. We apply Cor. lA.l.^ again to C f wsh ■ C, 
w ■ C f WSH ■ C and get that Ci = sh ■ C f wsh ■ C = C(. Now note that 
d(C0 - d(Ci) = d(C') - d(C) = d, but /i(Ci,d) = /i(C,d) - 1. By induction 
hypothesis we have a sequence of dominant alcoves 

Cl = ICO • Cl t • Cl t • • • t • Cl = c; 
such that d{wi ■ Ci) — d{wi-i ■ Ci) = 1 and so is a reflection in Wp for all i. 

Note that icq = I and Wd = w. Since Ci f C' = wsh • Ci, by Prop. IATLTI we have 
(A.I.15) C = Wo • C t wi • C t • • • t Wd • C = C'. 

Since d = d(C') — d(C), we have d{wi ■ C) — d{wi-i • C) = 1 for all i. As wi • C 
and the dominant alcove Wi ■ Ci are adjacent, we may replace f by tt in (|A.1.I5I) 
(by Lemma [A. 1.91) . In particular, we have Wi ■ C X{ C' for all i. If some Wi ■ C \s 
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not dominant, then Wi ■ H \s a wall of and WiSHW^ ^ G W. By Prop. lA.l.lOl 
Wi ■ Cl = WiSH ■ C = {wiSH'w~^)wi ■ C tt C", so Cl \ Wi ■ Cl \ C', contradiction. 
Thus Wi ■ C G A'^ for all i and (lA. 1.151) satisfies the condition in the theorem. □ 

Corollary A.1.16. If C, C are dominant alcoves, then C \ C if and only if 

cttc'. 

Proof. This follows from Corollary I A. 1.2 1 and Lemma FA. 1.91 □ 

Appendix B. Wobv(p) is non-empty 

The purpose of this appendix is to give a proof of the following result, which was 
promised in Remark 17.1.41 

Theorem B.1.1. Suppose K/Qp is a finite extension, and let p : Ck —t GL„(Fp) 
be a representation such that is semisimple. Then the set Wobv(p) of obvious 
weights for p is non-empty. 

A fortiori the same is true for Wexpi(p)- Moreover, the proof shows that W^^j^Fp) 
is non-empty when p is semisimple. 

Proof. For each a G 5'fc we fix an element Ka G Sk lifting a. Throughout this proof, 
if we refer to the lift of some Serre weight F, we mean any lift A of F for which 
Ak = 0 if K ^ {Ka}a^Sk (cf- Definition 13.3. 2|1 . We will prove that p has an obvious 
lift p of Hodge type A, where A is the lift of some Serre weight. 

We may without loss of generality assume that p itself is semisimple. We begin 
by explaining how to reduce to the case where p is irreducible, by induction on the 
number of Jordan-Holder factors of p. 

Indeed, suppose that p = p' © p", where p' has dimension d' > 0 and p" is 
irreducible. By induction p' has an obvious lift p' of Hodge type A', the lift of some 
Serre weight. Similarly p" © e~'^ has an obvious lift p" of Hodge type A", the lift 
of some Serre weight. 

For each a G Sk, let H,j = maxHT„_^(p') and ha- = minHT„_^(p") + d'. Also 
let A C be the sublattice consisting of tuples (xa) such that Wwf,” = 1. It is 
elementary to see that there exists x = (xa) G A such that ha-\-Xa G [Ha-\-l, Ha-\-p] 
for all a G Sk. (This comes down to the fact that jK = 'ZKp^ — 1)Z, along with 
the fact that integers have base p representations.) Let y be a crystalline character 
whose Hodge type is the lift of x, and such that y is trivial; such a character exists 
by Lemma [5.1.6l il and (ii). Define p := p' © (p" © © y)- Then one checks 

(considering separately the sets HTk(p) where k = Ka for some a G Sk, and the 
sets HTk(p) where k ^ {Ka}aeSk) that p is an obvious lift of p whose Hodge type 
is the lift of some Serre weight. 

It remains to consider the case where p is irreducible. Let d — dimp, and 
write p = Ind^^ -ip where K^/K is the unramified extension of degree d and ip : 
Gxa —t Fp is a character. We wish to prove the existence of d-tuples of integers 
{(hafl, ■. ■ ,ha.d-i)}<TeSk such that 0 < ha^ — < P for all a and i, and a 

crystalline character ip lifting ip such that 

y WT,,,{ip) = {hap,-■ ■ ,ha,d-l} 

«■' IK’=«o- 
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for each cr, and such that if k S Sk but k ^ {Ko-jo-eSfc then 

y HT„,(V^) = {0,l,...,d-l}. 

Let X be any crystalline character of Gk^ such that HTk'(x) = {0} whenever 
k'\k G {^^o-jcreSfc, and such that if k G Sk but k ^ {Ka}(jeSk then 

U HT«,(x) = {0,l,...,d-l}. 

Then the theorem comes down to the existence of integers hcr,i as above and a 
crystalline character x' of Gkj, such that 

U HT,,(x') = {Vo,.-.,Vd-i} 

k' 

for each a G Sk^ such that HTk/(xO = {0} if ^ {^^IcreSfe, and such that 
X' = (for then one can take ■0 = x!x)- 

Unless {d, /) = (2,1), where the existence of x' is an immediate conse¬ 

quence of Proposition lB.1.2l below (in combination with both parts of Lemma l5.1.6l) . 
When (d, /) = (2,1), the existence of x' will follow in the same way provided that 
the character ’4)x~^ of Gk^ does not extend to Gk- If also e{K/Q^p) = 1 then x 
is unramified, and since ip does not extend to Gk, the same is true of ilfx~^■ If 
instead e{K/Qp) > 1, it is possible that i/’x”^ extends to Gk- In that case choose 
any k' G Sk 2 such that HTk'(x) = {!}• Let k" G Sk 2 be the other embedding such 
that k''\k = k'\k (so that HTk"(x) = {0})- Let xo be a crystalline character of 
Gk 2 with the same labeled Hodge-Tate weights as x, except that HT„/(xo) = {0} 
and IIT„//(xo) = {!}■ We note that Hence ^ does not ex¬ 

tend to Gk (since uj-k" is a fundamental character of niveau 2 and its exponent is 
not a multiple of p -I- 1); so neither does the character tpXo , and the result follows 
from Proposition [BT2] using V'XiT^ in place of ijfx~^■ □ 

Proposition B.1.2. Given positive integers d and f, any residue class modulo 
pdf _ I (^mith the exception of the residue classes congruent to 0 modulo p -|-1 when 
d = 2, f = 1) is of the form Xip^, where for any ig G Z the set {xi : i = io 

(mod /)} is of the form {ho ,..., hd-i} with 0 < hi — hi+i < p for all i. 

Proof. Let N be the representative in the interval [0,p‘^^ — 1) of our given residue 
class modulo p'^f — 1, and let xq, ... ,Xdf-i be the digits in the base p expansion 
of N, so that certainly N = Xip"^ (mod p'^f — 1). We will argue by altering 

the xfs, preserving this congruence, until the condition on the sets {xi : i = io 
(mod /)} is met. The typical alteration will be to add 6p to Xi and —6 to Xj+i 
(with Xdf taken to mean xo). We break into cases depending on the value of /. 

(1) We consider first the case where / is even. Restrict our attention to the Xj’s 
with j = 0,1 (mod /). Relabel the pairs {{xif,Xif+i) : i = 0,..., d — 1} as pairs 
(og, bo), •. •, (od-i, bd-i), but not necessarily in the same order; instead, we choose 
the labeling so that 

(i) bo> ■■■ > bd-i, and 

(ii) if b^ = then a^+i < at. 







GENERAL SERRE WEIGHT CONJECTURES 


75 


There exist integers 5i G h such that 

(B.1.3) (oi+i + Si+ip) - (oi + Sip) G (0,p] 

for all i G [Ojd — 1). As a^+i — at G {—p,p), we have — Si G [0,1]. For each i 
we define = (at + Sip,bi — Si), thereby also altering the corresponding x’s. 

We claim that — a' and &■ — b)^-^ both lie in (0,p] for all i. The first of these 
claims is precisely (|B.1.3(1 . For the second claim, write 

b'i — 6'+i = {bi — bi+i) + (^i+i — Si), 

and observe that bi — G [0,p — 1] by (i), while <5^+1 — Si G [0,1]. It remains to 
note that if bi = bi+i then a^+i < by (ii), implying Si+i — Si = 1 hy (IB.1.31) . and 
so b'i — h'ij^i > 0 in all cases. 

The two claims together show that after making these alterations, the sets {xj : 
j = jo (mod /)} for jo = 0,1 are both of the desired form {ho ,..., hd-i} with 
0 < hi — hi^i < p for all i. Iterating the above procedure for the Xj^s with 
j = 2jo, 2jo + I (mod /)} for each jo G [1, //2) in turn, the proposition follows in 
this case. 


(2) Next we suppose that / is odd and / > 3. It is enough to explain how to 
alter the triples {{xif,Xif+i,Xif+ 2 ) : * = 0,..., d— I}, for then we can deal with the 
remaining consecutive pairs of residue classes as in the case where / was even. The 
truth of the proposition is certainly unchanged under multiplication of the given 
residue class by a power of p, or equivalently, nnder cyclic permutation of the Xj’s. 
We observe (trivially) that it is possible to cyclically permute the Xj’s so that it is 
not the case that the pairs (xif+i, Xif+2) are all of the form (p— l,p— 1) or (0,0), 
with both occurring, and we make such a cyclic permutation. 

Now rewrite the triples (xif,Xif+i,Xif+2) as (ao, bo, cq), . ■., (od-i, bd-i, Cd-i) 
with the labeling so that 

(i) Co > ■■■ > Cd-i, and 

(ii) if a = a+i then bi+i < bi. 

Conditions (i) and (ii), together with the condition on the pairs {xif+i,Xif+2) from 
the previous paragraph, imply 

(B.1.4) there is no value of i such that {bi — &i+i, Ci — c^+i) = {p— l,p — I). 
There exist Si G h such that 


(B.1.5) 


{ui+i + Si+ip) - {tti + Sip) G (0,p] 


for alH G [0, d — 1), and also G Z such that 

(B.1.6) Xi := {bi+i + Ci+ip) - {bi + Cip) G (0,p + 1] 

for all i G [0, d — 1), with 


(B.1.7) ^ 

As in case (I) we have Si+i 
with 


I Ai = p + 1 Ui+i < ai, 

= I V ^ Q>i. 

— Si G [0,1] for all i; similarly we have e^+i 


— Ei G [0, 2], 


(B.1.8) Ei+i — €i = 2 

For each i we define 


iff {bi, bi+i) = {p-1, 0) and Oi+i < ai. 


{a'i, 6', c') = {oi + Sip, hi + EiP - Si, Ci - Ci), 
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thereby altering the corresponding a;’s, and claim that we then have — a', 
— 6-, c- — in (0,p] for all i. Case (2) will be complete once we have proved 
this claim. 

That a-_|_^ — a' G (0,p] is immediate from (IB.1.51) . Next, we have 

&'+i -b' = \.- (<5.+i - (5.) 

with the first term on the right-hand side in (0,p-|-1] and the second term in [0,1]. 

If Ai = p -I- 1 then a^+i < by (IB.1.71) . which implies = 1 by (IB.1.51) : 

similarly if = 1 then a^+i > Oi and 5i+i — <5^ = 0. Thus in all cases we have 
fej+i — K G (0,p], as desired. 

Finally, 

~ ^i+l ~ (Ci ~ Ci+i) -|- (ci+l — Ei) 

with the first term on the right-hand side in [0,p — 1] and the second term in [0, 2]. 

If Ci = Ci+i then bi+i < bi, implying e^+i — >0; thus c' — > 0 in all 

cases. Suppose on the other hand that Ci — Ci+i = p — 1. Then by (jB.l.dp we have 
bi — bi+i ^ p — 1, and so a+i — a ^ 2hy (jB.l.Sp : thus c' — c'_|_i < p in all cases, 
and case (2) is complete. 

(3) Finally we turn to the case / = 1. As usual, we take the XiS at the outset 
to be the digits in the base p expansion of N. As in part (2) we will make use of 
the fact that the truth of the proposition is unchanged when multiplying the given 
residue class by a power of p (i.e. under cyclic permutation of the XiS), as well as 
when adding any multiple of (p*^ — l)/(p — 1) to the residue class (i.e. adding the 
same constant to each Xi). 

We first dispense with the case where d is even and N is divisible by (p'^ — 
l)/(p — 1). By hypothesis we have d > 4 (recall that in the case d = 2, f = 1 the 
residue classes divisible by p-l-1 are excluded from the statement of the proposition). 
Subtracting the appropriate multiple of (p'^ — l)/(p — 1) we may suppose that iV = 0. 
Then writing d = 2m -\- 4 with m > 0, we alter the Xi’s by replacing them with 

(xo,...,Xrf_i) := (p,2p- l,p-2,-l,2p,-2,...,mp,-m). 

In the remaining cases, we can reduce to one of the following three situations. 

(I) d is odd, each Xi lies in [0,p — 1], and x^-i = max^ Xj. 

(II) d is even, each Xi lies in [0,p — 1], Xi = max^ Xi > 0, and Xi = 0 for all 
even i. 

(Ill) d is even, each Xi lies in [0,p — I] except xi = p, and Xi is non-zero for 
some odd j > 1. 

To see this, argue as follows. If d is odd, cyclically permute to assume that x^-i is 
maximal to put ourselves in case (I). Now suppose d is even, so that {p‘^—1)/ (p— 1) \ 
N and not all the Xi’s are equal. Subtracting min^ Xi from each Xi, we can further 
suppose that some Xi is 0. Since not all x^’s are zero, we can suppose (after cyclically 
permuting if necessary) that xi = 0 and X 2 > 0. If Xi is non-zero for some odd 
i > 1, then we add p to xi and — I to X 2 to put ourselves in case (III). Otherwise 
Xi = 0 for all odd i but not for all even i. After cyclically permuting so that 
xi = maxiXi, we have X 2 j = 0 for all j and are in case (II). This completes the 
reduction. 

Write d = 2m if d is even and d = 2m -|- 1 if d is odd. We relabel the pairs 
of variables (xq, Xi),..., (x 2 m- 2 , a: 2 m-i) as (oq, 5o), ■ ■ •, (om-i, 6m-i), ordered as 
usual so that 
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(i) bo> ■■■ > bm-i and 

(ii) if bi = bi+i then Oi+i < ai. 

Note that when d is odd, Xd-i is not relabeled. When d is even, we can (and do) 
take (oq, &o) = xi): in case (II) this is a consequence of the fact that = 0 for 
all i, whereas in case (III) it is automatic. 

There exist unique integers 6i G Z such that Jq = 1 and 

(B.1.9) (oi+i + di+ip) - (tti + Sip) G (0,p] 

for all i G [0,m — 1). For each i we define {a^,b[) = (oi + Sip,bi — 6i), thereby 
altering the corresponding x’s. (Note when d is odd that Xd-i is unchanged.) It 
follows almost exactly as in (I) that we have — a', 5' — G (0,p] for all i; 
the only modification required is to note that in case (III), although bo = p we still 
have bo — bi G [0,p — I] because of the condition that Xi is non-zero for some odd 
i > 1. 

To complete the proof, it will suffice to show that 

{ a'o — b'o G (0,p] if d is even, 

a'o - Xd-i, Xd-i - b'o G (0,p] if d is odd. 

First suppose that d is even. Since i5o = I we have 

^0 “ ^0 = (a^o - a;i) + {p+ !)■ 

In case (II) we have a;o ~ a^i G (—p, 0), while in case (III) we have xo — xi G [—p, 0); 
in either case a'o — b'o G (0,p]. 

Finally suppose that d is odd. We have a'o = ao + p and b'o = bo — 1- Since 
oo < Xd-i and both are in the range [0,p — 1], we have a'o — Xd-i = P — {xd-i — 
ao) G (0,p]. Similarly bo < Xd-i and both are in the range [0,p — I], so that 
Xd-i — b'o = {xd-i — 6o) -I- I G (0,p]. This completes the proof. □ 

References 

[ADP02] Avner Ash, Darrin Doud, and David Pollack, Galois representations with conjectural 
connections to arithmetic cohomology, Duke Math. J. 112 (2002), no. 3, 521-579. 
[AndSO] Henning Haahr Andersen, The strong linkage principle, J. Reine Angew. Math. 315 
(1980), 53-59. 

[APS04] Avner Ash, David Pollack, and Dayna Soares, SL^{¥ 2 )-extensions of Q and arith¬ 
metic cohomology modulo 2, Experiment. Math. 13 (2004), no. 3, 298-307. 

[AS86] Avner Ash and Glenn Stevens, Modular forms in characteristic I and special values 

of their L-functions, Duke Math. J. 53 (1986), no. 3, 849-868. 

[ASOO] Avner Ash and Warren Sinnott, An analogue of Serre’s conjecture for Galois repre¬ 

sentations and Hecke eigenclasses in the modp cohomology o/GL(n,Z), Duke Math. 
J. 105 (2000), no. 1, 1-24. 

[BD14] Christophe Breuil and Fred Diamond, Formes modulaires de Hilbert modulo p et 
valeurs d’extensions entre caracteres galoisiens, Ann. Sci. Ec. Norm. Super. (4) 47 
(2014), no. 5, 905-974. 

[BDJIO] Kevin Buzzard, Fred Diamond, and Frazer Jarvis, On Serre’s conjecture for mod 
I Galois representations over totally real fields, Duke Math. J. 155 (2010), no. 1, 
105-161. 

[Berio] Laurent Berger, Representations modulaires de GL 2 (Qp) et representations galoisi- 
ennes de dimension 2, Asterisque (2010), no. 330, 263-279. 

[BG15] Kevin Buzzard and Toby Gee, The conjectural connections between automorphic 

representations and Galois representations, Automorphic Forms and Galois Repre¬ 
sentations, London Math. Soc. Lecture Note Ser. 414 (2015), 135—187. 



78 


TOBY GEE, FLORIAN HERZIG, AND DAVID SAVITT 


[BLGG13] Thomas Barnet-Lamb, Toby Gee, and David Geraghty, Serve weights for rank two 
unitary groups^ Math. Ann. 356 (2013), no. 4, 1551—1598. 

[BLGG14] _, Serve weights for U{n), J. Reine Angew. Math, (to appear), 2014. 

[BLGGT14] Thomas Barnet-Lamb, Toby Gee, David Geraghty, and Richard Taylor, Potential 
automorphy and change of weight, Ann. of Math. (2) 179 (2014), no. 2, 501-609. 

[BM02] Ghristophe Breuil and Ariane Mezard, Multiplicites modulaires et representations de 
GL 2 (Zp) et de Gal(Qp/Qp) en I = p, Duke Math. J. 115 (2002), no. 2, 205-310, 
With an appendix by Guy Henniart. 

[BM14] _, Multiplicites modulaires rajfinees, Bull. Soc. Math. France 142 (2014), no. 1, 

127-175. 

[Bou02] Nicolas Bourbaki, Lie groups and Lie algebras. Chapters Elements of Math¬ 
ematics (Berlin), Springer-Verlag, Berlin, 2002, Translated from the 1968 French 
original by Andrew Pressley. 

[BrelO] Ghristophe Breuil, The emerging p-adic Langlands programme, Proceedings of the 

International Gongress of Mathematicians. Volume II, Hindustan Book Agency, New 
Delhi, 2010, pp. 203-230. 

[BV13] Nicolas Bergeron and Akshay Venkatesh, The asymptotic growth of torsion homology 

for arithmetic groups, J. Inst. Math. Jussieu 12 (2013), no. 2, 391-447. 

[Gall2] Frank Galegari, Even Galois Representations and the Fontaine-Mazur conjecture II, 

J. Amer. Math. Soc. 25 (2012), no. 2, 533—554. 

[GE12] Frank Galegari and Matthew Emerton, Completed cohomology—a survey, Non- 

abelian fundamental groups and Iwasawa theory, London Math. Soc. Lecture Note 
Ser., vol. 393, Cambridge Univ. Press, Cambridge, 2012, pp. 239-257. 

[CEG'^14] Ana Caraiani, Matthew Emerton, Toby Gee, David Geraghty, Vytautas Paskunas, 
and Sug Woo Shin, Patching and the p-adic local Langlands correspondence, preprint, 
2014. 

[CEGS] Ana Caraiani, Matthew Emerton, Toby Gee, and David Savitt, Moduli spaces of 
Kisin modules with descent data, in preparation. 

[CHT08] Laurent Clozel, Michael Harris, and Richard Taylor, Automorphy for some l-adic 
lifts of automorphic mod I Galois representations, Publ. Math. Inst. Hautes Etudes 
Sci. (2008), no. 108, 1—181, With Appendix A, summarizing unpublished work of 
Russ Mann, and Appendix B by Marie-France Vigneras. 

[CollO] Pierre Colmez, Representations de GL 2 (Qp) et ((l),T)-modules, Asterisque (2010), 
no. 330, 281-509. 

[Conll] Brian Conrad, Lifting global representations with local properties, preprint, 2011. 

[DL76] P. Deligne and G. Lusztig, Representations of reductive groups over finite fields, Ann. 

of Math. (2) 103 (1976), no. 1, 103-161. 

[Dou07] Darrin Doud, Supersingular Galois representations and a generalization of a conjec¬ 
ture of Serve, Experiment. Math. 16 (2007), no. 1, 119-128. 

[DS87] Stephen R. Doty and John B. Sullivan, Filtration patterns for representations of 

algebraic groups and their Frobenius kernels, Math. Z. 195 (1987), no. 3, 391—407. 

[EG] Matthew Emerton and Toby Gee, Moduli spaces of p-adic and mod p representations 

of Galois groups of p-adic local fields, in preparation. 

[EG14] _, A geometric perspective on the Breuil-Mezard conjecture, J. Inst. Math. 

Jussieu 13 (2014), no. 1, 183-223. 

[EG15] M. Emerton and T. Gee, ”Scheme-theoretic images” of morphisms of stacks, ArXiv 
e-prints (2015), 116 pages. 

[EGH13] Matthew Emerton, Toby Gee, and Florian Herzig, Weight cycling and Serre-type 
conjectures for unitary groups, Duke Math. J. 162 (2013), no. 9, 1649—1722. 

[EGS15] Matthew Emerton, Toby Gee, and David Savitt, Lattices in the cohomology of 
Shimura curves. Invent. Math. 200 (2015), no. 1, 1-96. 

[EmelO] Matthew Emerton, Local-global compatibility in the p-adic Langlands programme for 
GL 2 /Q, preprint, 2010. 

[Emel4] _, Gompleted cohomology and the p-adic Langlands program. Proceedings of 

the 2014 ICM, Volume H (2014), 319-342. 

[Fiel2] Peter Fiebig, An upper bound on the exceptional characteristics for Lusztig’s char¬ 

acter formula, J. Reine Angew. Math. 673 (2012), 1—31. 



GENERAL SERRE WEIGHT CONJECTURES 


79 


[Gee06] 

[Geell] 

[GG12] 

[GG13] 

[GHLS15] 

[GK14] 

[GLS14] 

[GLS15] 

[Gro98a] 

[Gro98b] 

[Gro99] 

[Gro07] 

[GSll] 

[Her09] 

[HLM16] 

[HTOl] 

[HT13a] 

[HT13b] 

[Hum06] 

[Jan81] 

[Jan87] 

[Jan03] 

[Kis08] 

[Kis09a] 

[Kis09b] 

[Kis09c] 

[Kot84] 


Toby Gee, A modularity lifting theorem for weight two Hilbert modular forms, Math. 
Res. Lett. 13 (2006), no. 5-6, 805-811. 

_, Automorphic lifts of prescribed types, Math. Ann. 350 (2011), no. 1, 107- 

144. 

Toby Gee and David Geraghty, Companion forms for unitary and symplectic groups, 
Duke Math. J. 161 (2012), no. 2, 247-303. 

_, The Breuil-Mezard conjecture for quaternion algebras, Ann. Inst. Fourier 

(to appear), 2013. 

T. Gee, F. Herzig, T. Liu, and D. Savitt, Potentially crystalline lifts of certain 
prescribed types, ArXiv e-prints (2015), 22 pages. 

Toby Gee and Mark Kisin, The Breuil-Mezard conjecture for potentially Barsotti- 
Tate representations. Forum Math. Pi 2 (2014), el (56 pages). 

Toby Gee, Tong Liu, and David Savitt, The Buzzard-Diamond-Jarvis conjecture for 
unitary groups, J. Amer. Math. Soc. 27 (2014), no. 2, 389—435. 

_, The weight part of Serre’s conjecture for GL(2), Forum Math. Pi 3 (2015), 

e2, 52. 

Benedict H. Gross, Modular forms (mod p) and Galois representations, Internat. 
Math. Res. Notices (1998), no. 16, 865-875. 

_, On the Satake isomorphism, Galois representations in arithmetic algebraic 

geometry (Durham, 1996), London Math. Soc. Lecture Note Ser., vol. 254, Cambridge 
Univ. Press, Cambridge, 1998, pp. 223-237. 

_, Algebraic modular forms, Israel J. Math. 113 (1999), 61-93. 

_, Odd Galois representations, preprint, 2007. 

Toby Gee and David Savitt, Serre weights for quaternion algebras. Compos. Math. 
147 (2011), no. 4, 1059-1086. 

Florian Herzig, The weight in a Serre-type conjecture for tame n-dimensional Galois 
representations, Duke Math. J. 149 (2009), no. 1, 37-116. 

Florian Herzig, Daniel Le, and Stefano Morra, On mod p local-global compatibility 
for GL 3 in the ordinary case, preprint, 2016. 

Michael Harris and Richard Taylor, The geometry and cohomology of some simple 
Shimura varieties. Annals of Mathematics Studies, vol. 151, Princeton University 
Press, Princeton, NJ, 2001, With an appendix by Vladimir G. Berkovich. 

Florian Herzig and Jacques Tilouine, Conjecture de type de Serre et formes com- 
pagnons pour GSp 4 , J. Reine Angew. Math. 676 (2013), 1—32. 

Yongquan Hu and Fucheng Tan, The Breuil-Mezard conjecture for non-scalar split 
residual representations, Ann. Sci. ENS (to appear), 2013. 

James E. Humphreys, Modular representations of finite groups of Lie type, London 
Mathematical Society Lecture Note Series, vol. 326, Cambridge University Press, 
Cambridge, 2006. 

Jens Carsten Jantzen, Zur Reduktion modulo p der Charaktere von Deligne und 
Lusztig, J. Algebra 70 (1981), no. 2, 452-474. 

J. C. Jantzen, Representations of Chevalley groups in their own characteristic, The 
Areata Conference on Representations of Finite Groups (Areata, Calif., 1986), Proc. 
Sympos. Pure Math., vol. 47, Amer. Math. Soc., Providence, RI, 1987, pp. 127-146. 
Jens Carsten Jantzen, Representations of algebraic groups, second ed.. Mathematical 
Surveys and Monographs, vol. 107, American Mathematical Society, Providence, RI, 
2003. 

Mark Kisin, Potentially semi-stable deformation rings, J. Amer. Math. Soc. 21 
(2008), no. 2, 513-546. 

_, The Fontaine-Mazur conjecture for GL 2 , J. Amer. Math. Soc. 22 (2009), 

no. 3, 641-690. 

_, Modularity of 2-adic Barsotti-Tate representations. Invent. Math. 178 

(2009), no. 3, 587-634. 

_, Moduli of finite flat group schemes, and modularity. Annals of Math.(2) 

170 (2009), no. 3, 1085-1180. 

Robert E. Kottwitz, Stable trace formula: cuspidal tempered terms, Duke Math. J. 
51 (1984), no. 3, 611-650. 



80 

[KW09a] 

[KW09b] 

[LLHLM15] 

[Mat89] 

[MP14] 

[Mulls] 

[PaslSa] 

[PaslSb] 

[Sanl4] 

[Sanl5] 

[Sch08] 

[SD73] 

[Ser75] 

[Ser79] 

[Ser86] 

[Ser87] 

[Shill] 

[StilO] 

[SZ99] 

[Tat94] 

[Torl2] 

[Wan87] 

[Ye86] 


TOBY GEE, FLORIAN HERZIG, AND DAVID SAVITT 


Chandrashekhar Khare and Jean-Pierre Wintenberger, Serve’s modularity conjec¬ 
ture. /, Invent. Math. 178 (2009), no. 3, 485—504. 

_, Serve’s modularity conjecture. //, Invent. Math. 178 (2009), no. 3, 505—586. 

Daniel Le, Bao V. Le Hung, Brandon Levin, and Stefano Morra, Potentially crys¬ 
talline deformation rings and Serve weight conjectures: shapes and shadows, 2015. 
Hideyuki Matsumura, Commutative ring theory, second ed., Cambridge Studies in 
Advanced Mathematics, vol. 8, Cambridge University Press, Cambridge, 1989, Trans¬ 
lated from the Japanese by M. Reid. 

Stefano Morra and Choi Park, Serve weights for three dimensional ordinary Galois 
representations, preprint, 2014. 

Alain Muller, Relevements cristallins de representations galoisiennes, Universite de 
Strasbourg Ph.D. thesis, 2013. 

Vytautas Paskunas, On 2-dimensional 2-adic Galois representations of local and 
global fields, preprint, 2015. 

_, On the Breuil-Mezard conjecture, Duke Math. J. 164 (2015), no. 2, 297- 

359. 

Fabian Sander, Hilbert-Samuel multiplicities of certain deformation rings, Math. 
Res. Lett. 21 (2014), no. 3, 605-615. 

_, A local proof of the Breuil-Mezard conjecture in the scalar semi¬ 
simplification case, preprint, 2015. 

Michael M. Schein, Weights in Serve’s conjecture for Hilbert modular forms: the 
ramified case, Israel J. Math. 166 (2008), 369—391. 

H. P. F. Swinnerton-Dyer, On l-adic representations and congruences for coefficients 
of modular forms. Modular functions of one variable, III (Proc. Internat. Summer 
School, Univ. Antwerp, 1972), Springer, Berlin, 1973, pp. 1-55. Lecture Notes in 
Math., Vol. 350. 

Jean-Pierre Serre, Valeurs propres des operateurs de Hecke modulo I, Journees 
Arithmetiques de Bordeaux (Conf., Univ. Bordeaux, 1974), Soc. Math. France, Paris, 
1975, pp. 109-117. Asterisque, Nos. 24-25. 

_, Groupes algebriques associes aux modules de Hodge-Tate, Journees de 

Geometrie Algebrique de Rennes. (Rennes, 1978), Vol. Ill, Asterisque, vol. 65, Soc. 
Math. France, Paris, 1979, pp. 155-188. 

_, CEuvres. Vol. HI, Springer-Verlag, Berlin, 1986, 1972-1984. 

_, Sur les representations modulaires de degre 2 de Gal(Q/Q), Duke Math. J. 

54 (1987), no. 1, 179-230. 

Sug Woo Shin, Galois representations arising from some compact Shimura varieties, 
Ann. of Math. (2) 173 (2011), no. 3, 1645-1741. 

Jakob Stix, Trading degree for dimension in the section conjecture: the non-abelian 
Shapiro lemma. Math. J. Okayama Univ. 52 (2010), 29-43. 

P. Schneider and E.-W. Zink, K-types for the tempered components of a p-adic gen¬ 
eral linear group, J. Reine Angew. Math. 517 (1999), 161-208, With an appendix 
by Schneider and U. Stuhler. 

John Tate, The non-existence of certain Galois extensions of Q unramified outside 
2, Arithmetic geometry (Tempe, AZ, 1993), Gontemp. Math., vol. 174, Amer. Math. 
Soc., Providence, RI, 1994, pp. 153-156. 

Rebecca Torrey, On Serve’s conjecture over imaginary quadratic fields, J. Number 
Theory 132 (2012), no. 4, 637-656. 

Jian Pan Wang, Partial orderings on affine Weyl groups, J. East China Norm. Univ. 
Natur. Sci. Ed. (1987), no. 4, 15—25. 

Jia Chen Ye, A theorem on the geometry of alcoves, Tongji Daxue Xuebao 14 (1986), 
no. 1, 57-64. 



GENERAL SERRE WEIGHT CONJECTURES 


81 


Department of Mathematics, Imperial College London 
E-mail address: toby.gee@iinperial.ac.uk 

Department of Mathematics, University of Toronto 
E-mail address: herzig@math.toronto.edu 

Department of Mathematics, Johns Hopkins University 
E-mail address: savitt@math.jhu.edu 



